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CLASS XII

MATHEMATICS

Units Weightage (Marks)

(i) Relations and Functions 10
(ii) Algebra 13
(iii) Calculus 44
(iv) Vector and Three Dimensional Geometry 17
(v) Linear Programming 06
(vi) Probability 10

Total : 100

Unit | : RELATIONS AND FUNCTIONS
Relations and Functions (10 Periods)

Types of Relations : Reflexive, symmetric, transitive and equivalence relations. One to one and
onto functions, composite functions, inverse of a function. Binary operations.

Inverse Trigonometric Functions (12 Periods)

Definition, range, domain, principal value branches. Graphs of inverse trigonometric functions.
Elementary properties of inverse trigonometric functions.

Unit Il : ALGEBRA
Matrices (18 Periods)

Concept, notation, order, equality, types of matrices, zero matrix, transpose of a matrix, symmetric
and skew symmetric matrices. Addition, multiplication and scalar multiplication of matrices, simple
properties of addition, multiplication and scalar multiplication. Non-commutativity of multiplication
of matrices and existence of non-zero matrices whose product is the zero matrix (restrict to
square matrices of order 2). Concept of elementary row and column operations. Invertible
matrices and proof of the uniqueness of inverse, if it exists; (Here all matrices will have real
entries).

Determinants (20 Periods)

Determinant of a square matrix (up to 3 x 3 matrices), properties of determinants, minors,
cofactors and applications of determinants in finding the area of a triangle. adjoint and inverse
of a square matrix. Consistency, inconsistency and number of solutions of system of linear
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equations by examples, solving system of linear equations in two or three variables (having
unique solution) using inverse of a matrix.

Unit Ill : CALCULUS
Continuity and Differentiability (18 Periods)

Continuity and differentiability, derivative of composite functions, chain rule, derivatives of inverse
trigonometric functions, derivative of implicit function. Concept of exponential and logarithmic
functions and their derivatives. Logarithmic differentiation. Derivative of functions expressed in
parametric forms. Second order derivatives. Rolle’s and Lagrange’s mean Value Theorems
(without proof) and their geometric interpretations.

Applications of Derivatives (10 Periods)

Applications of Derivatives : Rate of change, increasing/decreasing functions, tangents and
normals, approximation, maxima and minima (first derivative test motivated geometrically and
second derivative test given as a provable tool). Sample problems (that illustrate basic principles
and understanding of the subject as well as real-life situations).

Integrals (20 Periods)

Integration as inverse process of differentiation. Integration of a variety of functions by substitution,
by partial fractions and by parts, only simple integrals of the type to be evaluated.

J‘deZ,J‘ 2dX2’J' 2dX2,J- 2dX 7J ax
Jax

x“ta” “x“ta ‘a" -a ‘“ax“+bx+c 2ibx+c

pX+q

ax® +bx+c J\/ax +bx+c

Definite integrals as a limit of a sum, Fundamental Theorem of Calculus (without proof). Basic
properties of definite integrals and evaluation of definite integrals.

dx, |va® + x? dx and |Vx? —a® dx
INGS Ve

Applications of the Integrals (10 Periods)

Application in finding the area under simple curves, especially lines, area of circles/parabolas/
ellipses (in standard form only), area between the two above said curves (the region should be
clearly identifiable).

Differential Equations (10 Periods)

Definition, order and degree, general and particular solutions of a differential equation. Formation
of differential equation whose general solution is given. Solution of differential equations by
method of separation of variables, homogeneous differential equations of first order and first
degree. Solutions of linear differential equation of the type :

Z—§+ p(x)y = q(x), where p(x) and g(x) are function of x.
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Unit IV : VECTORS AND THREE-DIMENSIONAL GEOMETRY
Vectors (12 Periods)

Vectors and scalars, magnitude and direction of a vector. Direction consines/ratios of vectors.
Types of vectors (equal, unit, zero, parallel and collinear vectors), position vector of a point,
negative of a vector, components of a vector, addition of vectors, multiplication of a vector by
a scalar, position vector of a point dividing a line segment in a given ratio. Scalar (dot) product
of vectors, projection of a vector on a line. Vector (cross) product of vectors.

Three-Dimensional Geometry (12 Periods)

Direction cosines/ratios of a line joining two points. Cartesian and vector equation of a line,
coplanar and skew lines, shortest distance between two lines. Cartesian and vector equation of
a plane. Angle between (i) two lines, (ii) two planes, (ii) a line and a plane. Distance of a point
from a plane.

Unit V : LINEAR PROGRAMMING

Linear Programming : Introduction, definition of related terminology such as constraints, objective
function, optimization, different types of linear programming (L.P.) problems, mathematical
formulation of L.P. problems, graphical method of solution for problems in two variables, feasible
and infeasible regions, feasible and infeasible solutions, optimal feasible solutions (up to three
non-trivial constraints).

Unit VI : PROBABILITY
Probability (18 Periods)

Multiplication theorem on probability. Conditional probability, independent events, total probability,
Baye’s theorem, Random variable and its probability distribution, mean and variance of haphazard
variable. Repeated independent (Bernoulli) trials and Binomial distribution.

4 Xl — Maths



CONTENTS

S.No. Chapter Page
1. Relations and Functions 7

2. Inverse Trigonometric Functions 15

3. Matrices 20

4. Determinants 20

5. Continuity and Differentiation 33

6. Applications of Derivatives 39

7. Integrals 50

8. Applications of Integrals 69

9. Differential Equation 73
10. Vectors 82
11. Three-Dimensional Geometry 89
12. Linear Programming 99
13. Probability 102
Model Papers 109
5 Xll — Maths






CHAPTER 1

RELATIONS AND FUNCTIONS

IMPORTANT POINTS TO REMEMBER

® Relation R from a set A to a set B is subset of A x B.
e AxB={@a b):ae A be B}
® Ifn(A)=rn(B)=sthenn (A x B) =rs.
and no. of relations = 2"
® ¢ is also a relation defined on set A, called the void (empty) relation.

® R =A x Ais called universal relation.

o Reflexive Relation : Relation R defined on set A is said to be reflexive iff (a, a) € R V
ae A

e Symmetric Relation : Relation R defined on set A is said to be symmetric iff (a, b) € R =
(ba)e RV a b e A

e Transitive Relation : Relation R defined on set A is said to be transitive if (a, b) € R, (b, ¢) €
R=(ace RY a b ce R

e Equivalence Relation : A relation defined on set A is said to be equivalence relation iff it is
reflexive, symmetric and transitive.

® One-One Function : f: A — Biis said to be one-one if distinct elements in A has distinct images
in B.ie. ¥V X;, X, € As.t. x; # X, = fix,) # f(x,).

OR

YV X, X, € Ast fix) = fix,)
= X =X
One-one function is also called injective function.

® Onto function (surjective) : A function f: A — B is said to be onto iff R,= B ie. V be B, there
existae Ast fla)=0>b

® A function which is not one-one is called many-one function.
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A function which is not onto is called into.
Bijective Function : A function which is both injective and surjective is called bijective.

Composition of Two Function : If f: A —» B, g: B — C are two functions, then composition of
fand g denoted by gof is a function from A to C give by, (gof) (x) = g (f(x)) V xe A

Clearly gof is defined if Range of f C domain of g similarly fog similarly fog can be defined.
Invertible Function : A function f: X — Y is invertible iff it is bijective.

If f: X > Yis bijective function, then function g: Y — Xis said to be inverse of fiff fog = Iy and
gof= I,

when [, Iy are identity functions.
g is inverse of fand is denoted by f 1.

Binary Operation : A binary operation ' defined on set A is a function from A x A - A.
* (a, b) is denoted by a * b.

Binary operation * defined on set A is said to be commutative iff
a*b=b*avy a be A.

Binary operation * defined on set A is called associative iffa *(b*c)=(a*b)*c Vv a, b, ¢
e A

If * is Binary operation on A, then an element e € A is said to be the identity element iff a * e
=e*ay ac A

Identity element is unique.

If * is Binary operation on set A, then an element b is said to be inverse of ae Aiffa* b=">
*a=e

Inverse of an element, if it exists, is unique.

VERY SHORT ANSWER TYPE QUESTIONS

If A is the set of students of a school then write, which of following relations are. (Universal, Empty
or neither of the two).

R, = {(a, b) : a, b are ages of students and |a — b| > 0}
R, = {(a, b) : a, b are weights of students, and |a — b| < 0}
Ry = {(a, b) : a, b are students studying in same class}

R, = {(a, b) : a, b are age of students and a > b}

Is the relation R in the set A = {1, 2, 3, 4, 5} defined as R = {(a, b) : b= a + 1} reflexive?
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10.
11.
12.

13.
14.
15.
16.

If R, be a relation in set N given by
R={@a b):a=b-3, b> 5}
Does elements (5, 7) € R?
iff:{1,3 »>{1,2,5and g: {1, 2, 5} —» {1, 2, 3, 4} be given by
f={1,2), 3, 5} g={01,3), (2 3), (5, 1)}
Write down gof.
Let g, f: R — R be defined by

X+2

g(x)= ,f(x) = 3x —2. Write fog.

If f:R — R defined by

_2x -1

f(x) 5

be an invertible function, write f(x).
X .
If f(x)=——Vx=-1Write fof(x).
X+1

Let * is a Binary operation defined on R, then if

i) a*b=a+ b+ ab, write 3 *2

(a+b)?

(i) a*b= , Write (2*3) * 4.

(i) a *b=4a- 9b? Write (1 *2) * 3.
If n(A) = n(B) = 3, Then how many bijective functions from A to B can be formed?
If f(x) =x+1, g(x) = x— 1, Then (gof) (3) = ?
If f: N— N, fix) = x? is one-one, given reason.
If f: R— A, given by

fix) = x> — 2x + 2 is onto function, find set A.

If f: A — B is bijective function such that n (A) = 10, then n (B) = ?
If f: R—> R, g: R— R are two functions, then (fog) (x) and gof (x) are equal always?
R={(a b):a be N, a# band a divides b}. Is R reflexive? Give reason?

Is f: R — R, given by fix) = |[x — 1| is one-one? Give reason? (True or False)
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17.
18.

19.

20.

21.

22.

23.

24.

25.

26.

f: R — B given by f(x) = sin x is onto function, then write set B.

Is f: R— R, f(x) = x° is bijective function?

If *" is a binary operation on set Q of rational numbers given by a*b = % then write the identity
element in Q.

If * is Binary operation on N defined by a* b=a + ab V a, b € N. Write the identity element
in N if it exists.

SHORT ANSWER TYPE QUESTIONS (4 Marks)

Check the following functions for one-one and onto.

2x -3
7

(@ f:R—>R, f(x)=
by f:R—> R fix)=x+2
() f:R—> R f(x)=|x+1|

3x -1
X-2

(d f:R-{2} > R, f(x)=

) f:R— R, f(x) =sin x
() f:R - [-1,1], ix) = sin®x
(9 f:R->Rf(x)=x-2x+3

Show f: R — R given by f(x)= 8x -1 is bijective. Also find .

See f:R—{j}eR—{i} be a function given by f(x) = ax
3 3 3x+4

. Show that f is invertible with

Let R be the relation onset A={x: xe Z 0< x< 10} given by R = {(a, b) : (a— b) is multiple
of 4}, is an equivalence relation. Also, write all elements related to 4.

Show that function f: A — B defined as f (x) = 2X h ;1 where A = R - {g} B=R- {ﬁ}

X_

is invertible and hence find .
Let * be a binary operation on Q. Such that a * b= a + b — ab.
(i) Prove that * is Commutative and associative.

(i) Find identify element of * in Q (if exists).
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27. If *is a binary operation defined on R — {0} definedby a * b = %, then check * for commutativity
and associativity.
28. If A= N x N and binary operation * is defined on A as (a, b) * (¢, d) = (ac, bad).
(i) Check * for commutativity and associativity.
(i) Find the identity element for * in A (If exists).
29. Show that the relation R defined by (a, b) R(c, d) < a+ d= b + c on the set N x N is an
equivalence relation.
30. Let * be a binary operation on set Q defined by g * p = %, show that
(i) 4 is the identity element of * on Q.
(i) Every non zero element of Q is invertible with
a =18 aca-{o}.
a
31. Show that f: R, — R, defined by f(x)=2i is bijective where R, is the set of all non-zero
X
positive real numbers.
Jx+6-1
32. Consider f: R, — [-5, =) given by f(x) = 9x% + 6x — 5 show that fis invertible with f1= XT
33. If * is a binary operation on R defined by a * b = a + b + ab. Prove that * is commutative and
associative. Find the identify element. Also show every element of R is invertible.
34. If f, g: R — R defined by fix) = x> — x and g(x) = x + 1 find (fog) (x) and (gof) (x). Are they
equal?
35. Prove that composition of two one-one functions is also one-one?
36. f:R— R g: R — Rgiven by fix) = [x], 9(x) = |x| then find
-2 -2
fo x(—) and (gof (—)
(fog)x| — (gof)| 3
H.O.T.S.
37. f:[1, =) - [2, =) is given by f(x):x+l, then find f~(x).
X
14
38. f(x)={a-(x=7°} findf ' (x)
1+x 2x
39. If f(x)=log| —— | show that f 5 | =2f(x).
1-x 1+ x
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ANSWERS

11.

12.
13.
14.

15.

16.

VERY SHORT ANSWER TYPE QUESTIONS

R, :is universal relation.

R, : is empty relation.

Ry : is neither universal nor empty.
R, :is neither universal nor empty.
No, R is not reflexive.

5,77¢ R

gof={(1, 3), (3, 1)}

(fog)(x) =xV xe R

5x+1
f =
(x) :
1
fof) (x) = —X— x# -~
(fof ) (x 2x+1X 2
() 3*2=11
1369
i) 7
(i) —209
6
3

Yes, fis one-one -V x,, x, e N = x2 = x2.
A =[1, =) because R, = [1, )

n(B) = 10

(fog) (x) # (gof) (x) (In general)

No, R is not reflexive -~ (a,a)g RV aeN

f is not one-one functions

" f3)

3 # — 1 ie. distinct element has same images.

f(-1) =2

12 Xl — Maths



17.
18.
19.
20.

21.

22.

24.

25.

26.
27.
28.

33.
34.

35.

B =[-1, 1]
Yes
e=5

Identity element does not exist.

SHORT ANSWER TYPE QUESTIONS (4 MARKS)

(a) Bijective

(b) Neither one-one nor onto.
(c) Neither one-one nor onto.
(d) One-one, but not onto.
(e) Neither one-one nor onto.
() Neither one-one nor onto.

(g) Neither one-one nor onto.

_ 5x+1
3

' (x)
Elements related to 4 are 0, 4, 8.

7xX+4
5x-3

f(x) =

0 is the identity element.

Neither commutative nor associative.
(i) Commutative and associative.
(i) (1, 1) is identity in N x N

0 is the identity element.

(fog) (x) = x° + x

(gof) () = x> — x + 1

Clearly, they are unequal.

Hint : Let x,, X, € R s.t.

(fog) (x,) = (fog) (x,)

= g (X)) = f(9(x,))

= alxy) = g (x))

(- fis one-one)

13
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36.

37.

38.

39.

X, = X,

Hence (fog) (x) is one-one function.
Similarly, (gof) (x) is also one-one function.
f12)=f(4x3)=4+3=7

Also f12)=f(6x2)=6+2=38

o3
e
X+Vx2 -4

' (x)= 5

Fx) =7+ 4—x*)"

(+ g is one-one).

14
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CHAPTER 2

INVERSE TRIGONOMETRIC FUNCTIONS

IMPORTANT POINTS

e sin' x, cos! x, ...

e If sin6 = x and ee[

-T T

etc., are angles.

} then 6 = sin~'x etc.

® | Function Domain Range
(Principal Value Branch)
in—1 —1 1] ‘:_E E}
sin~'x [-1, 5o
cos™'x -1, 1] [0, 7]
. (21)
an~'x 55
cot'x R (0, m)
T
T
CoseC_1X R - (17 1) l:__a E:l_{O}
e sin! (sin x) = x vXe{_E,E}
2 2

cos™ (cos x) = x V x e [0, n] etc.

e sin7! (sinT'x) =x VvV xe [-1, 1]

cos (cos7'x) = x V x € [-1, 1] etc.

e sin'x=cosec™ (1) Vx e[-11]
X

tan~'x = cot™' (1/x) Vv x>0

15
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sec™'x = cos™' (1/x), V |x] = 1

sin!(=x) = —sin"'x V x e [-1, 1]
tan"'(—x) = —tan"'x Vv xe R
cosec™'(—x) = — cosec”'x V |x| > 1

cos!(x) = —cos™'x V x e [-1, 1]
cot'(-x) =m—cot'x V xe - R

sec(=x) = —sec'x V |x] =1

sin' x + cos™' x = g x e [-11]
tan‘1x+cot‘1x=g VY xeR

_ _ T
sec™' x + cosec 1x=§ Y [x| > 1

tan‘1x+tan‘1y=tan‘1[x+yj; xy < 1.

1-xy

tan‘1x—tan‘1y=tan‘1(x_yj; xy > —1.
1+ xy

2tan”' x =tan™ (12—)(2) x| <1
-x

VERY SHORT ANSWER TYPE QUESTIONS (1 MARK)

Write the principal value of

i) sin' (—v3/2) @iy sin”' (¥3/2).
(i) cos ' (-+/3/2) (iv) cos™ (V3/2).
(v) tan”’ (— %j (vi) tan”’ (%)

(vi) cosec™! (- 2). (viii) cosec™ (2)
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2.

3.

4.

5.

(ix) cot”’ [— (x) cot_1[

% %
V3 J3)
(xi) sec™! (- 2). (xii) sec™! (2).

(xiii)  sin" (?J + cos”| (_;1) +tan (-1/4/3)

What is value of the following functions (using principal value).

: -1 1 -1( 2 ) (1 ~1( /3

(i) tan [E) — sec (Ej (i) sin (_E) — Ccos (?]
(i) tan™' (1) — cot™ (-1). (iv) cos” (—1) + sin”! (—l)

2 2
(v) tan” (\/5) + cot™ [LJ (vi) cosec”' (vV2) + sec” (v2).
J3
(vii) tan=' (1) + cot™ (1) + sin~! (1). (i) cot” (¥3) - sin” (—%)
(ix) sin”’ (sin 4—“) : (x) cos™’ (cos 7—“)
5 5

(xi) tan”' (tan %T) ) (xii) cosec”! (cosec %) )

SHORT ANSWER TYPE QUESTIONS (4 MARKS)

Show that tan—1[x/1+cosx +\/1—cosxj _n X
4 2

J1+ cos x — /1 - cos x

_ cos - 1+ cos
Prove tan1( X )—cot1[ X]=£ x € (0,m/2).
1-sinx 1- cos x 4
2 2
-1 X . -1 X 1| va - x
Prove tan = sin  — = cos [ ]
a - x° a a
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6. Prove cot” [2 tan [cos_1 EH +tan”! {2 tan (sin_1 EH — tan” [@j
17 17 161
-1 \/1+x2+\/1—x2 o 1 -1 2
7. Prove tan = —+—C0S X .
\/1+x2—\/1—x2 4 2
8. Solve cot”' 2x + cot” 3x = *.
4
9. Prove that tan™ (m)—tan‘1 (m—n) =X mn>o0
n m+n 4
2
10. Prove that tan lsin‘1( 2)(2)+lcos‘1 1 y2 _ Xty
2 1+x°) 2 1+y 1-xy
2 p—
11. Solve for x, cos™ (X2—1) + ltan‘1 ( 2X2 j _2n
X +1 2 1-x 3
12.  Prove that tan’1l+tan"l+ tan’11 +tan™ 1_z
3 5 7 8 4
13. Solve for x, tan(cos™'x)=sin(tan'2); x > 0
14. Prove that 2tan™ (l) + tan™ (l):tan‘1 (%)
5 4 43
1 -4 8
15. Evaluate tan| —cos™'| —
()
HO.T.S.
16. Prove that tan™ (M) =tan™ (i)—x
bcos x +asinx b
17.  Prove that cot{tan1 X +tan™ (%)}+cos1 (1—2x2)+cos'(2x2-1)=n, x>0
16. Prove that tan‘1( a_b)+tan‘1(b_c)+tan‘1(c_a)=0 where a, b, ¢ > 0
1+ab 1+ bc 1+ ca

18
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17. Solve for x, 2 tan~'(cos x) = tan™' (2 cosec x)

18. Express

sin” (x\/1—x —\/;\/1—x2) in simplest form.

19. |If tan'a + tan™'b + tan~'c = & then

Prove that a + b + ¢ = abc

20. If sin"'x > cos™'x then x belong to which interval.

ANSWERS
1 (i —g (i) g (ii) %ﬂ (iv)%
- N LT T
(v) ry (vi) 5 (vii) & (viii) 5
_ on T . 2n T
(ix) =5 x) 3 xi) - (xii)
(iii) g.
2. (i) 0 (i) % (ii) —g (|v)g
2rn . T . L T
(v) 3 (vi) 5 (vii)y m (viii) 3
. L 3n . -T T
(ix) & x) 5 xi) 5 (xii)
8. 1 9. tan—-=2-43
11 5 13 -3
"3 ©o\3+1
17. x=g. 18  sin™! x — sin™! Vx.
B
20. |73
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CHAPTER 3 & 4

MATRICES AND DETERMINANTS

POINTS TO REMEMBER

e Matrix : A matrix is an ordered rectangular array of numbers or functions. The numbers or
functions are called the elements of the matrix.

o Order of Matrix : A matrix having ‘" rows and ‘n’ columns is called the matrix of order mxn.
® Zero Matrix : A matrix having all the elements zero is called zero matrix or null matrix.

o Diagonal Matrix : A square matrix is called a diagonal matrix if all its non diagonal elements
are zero.

® Scalar Matrix : A diagonal matrix in which all diagonal elements are equal is called a scalar
matrix.

o Identity Matrix : A scalar matrix in which each diagonal element is 1, is called an identity matrix
or a unit matrix. It is denoted by |I.

I =g

nxn
N EY
where, P00 if i#j

e Transpose of a Matrix : If A = [a], , , be an m x n matrix then the matrix obtained by
interchanging the rows and columns of A is called the transpose of the matrix. Transpose of A
is denoted by A" or A.

Properties of the transpose of a matrix.
(i) (A)Y =A (i) A+B) ' =A+8
(i) (KA)" = KA", K is a scalar (iv) (AB) = B'A’

® Symmetrix Matrix : A square matrix A = [a,./. is symmetrix if a;=a; Vv i, j. Also a square matrix
A is symmetrix if A" = A.

® Skew Symmetrix Matrix : A square matrix A = [a,.j] is skew-symmetrix, if a;=—a; Vv i, j. Also
a square matrix A is skew - symmetrix, if A" = — A.

® Determinant : To every square matrix A = [a,.j] of order n x n, we can associate a number (real
or complex) called determinant of A. It is denoted by det A or |A|.

20 Xl — Maths



Properties
(i) |AB| = |A| |B|

(i) |KA = K" |A| where K is a scalar.

nxn nxn

Area of triangles with vertices (X, y;), (X5, ¥,) and (x;, y3) is given by

1 X; yy 1
A=—| X 1
5| X2 Yo
Xg Y3 1
Xy 1
The points (x;, ¥;), (X, ¥s), (X5, ;) are collinear < | x, y, 1/=0
X3 Y3 1

Adjoint of a square matrix A is the transpose of the matrix whose elements have been
replaced by their cofactors and is denoted as adj A.

Let A=lal, .,
adj A= [Al, . ,
Properties
() Aadi A) = (adj A) A = |A] |
(i) 1 Ais a square matrix of order n then |adj A| = |A|™"
(i) adj (AB) = (adj B) (adj A).

Singular Matrix : A square matrix is called singular if |A| = 0, otherwise it will be called a non-
singular matrix.

Inverse of a Matrix : A square matrix whose inverse exists, is called invertible matrix. Inverse
of only a non-singular matrix exists. Inverse of a matrix A is denoted by A~! and is given by

-1 1

A= — .ad.A
|Al

Properties
() AA'=ATA=1
(i) (A=A
(iy (AB)' = B1A™
(iv) (A) = (A7)
® Solution of system of equations using matrix :

If AX = B is a matrix equation then its solution is X = A™'B.
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(i) If |JAl # O, system is consistent and has a unique solution.
(i) If |A| = 0 and (adj A) B # 0 then system is inconsistent and has no solution.

(i) If |[A| = 0 and (adj A) B = 0 then system is consistent and has infinite solution.

VERY SHORT ANSWER TYPE QUESTIONS (1 Mark)

([ a5 a
y-a x+y|7[3 o ind x and y.
. | 0 .
ta=|' %landaB=|% | find 4B.
0 ] i 0

Find the value of a,; + a,, in the matrix A = [a)]; , 5
|2i — if i >j

where a; = .
v {—i+2j+3 if i< j

If Bbe a 4 x 5 type matrix, then what is the number of elements in the third column.

(5 2
If A= 5 and B= 3 6 find 3A-2B.
0 9 0 1
(2 — 1
If A= 3 and B= 0 find (A+B).
7 5 2 -6
2
fA=[1 0 4] and B=|5|find AB.
6

If A :{ 4 X+2} is symmetrix matrix, then find x.

2x-3 x+1
0 2 -3
For what value of x the matrix |2 O —4 | is skew symmetrix matrix.
3 4 x+5

3
If A= [1 O} = P + Q where P is symmetric and Q is skew-symmetric matrix, then find the

matrix Q.
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11.

12.

13.

14.

15.

16.

17.

18.
19.
20.
21.
22.
23.

24.

25.

26.

a-+ib c + id

Find the value of | _. . ;v 4 _ip

2
12X T2 31 _ 0, find x.
5x +2 9
k 2
For what value of K, the matrix 3 4 has no inverse.
If A= s!n 30 cos 30 , What is |A|.
—-sin60° cos 60°
2 -3 5
Find the cofactor of a,,in | 6 0 4
1 5 7
1 3 -2
Find the minor of a,, in |4 -5 6.
3 5 2

Find the value of P, such that the matrix [_1
4

2} is singular.

Find the value of x such that the points (0, 2), (1, x) and (3, 1) are collinear.

Area of a triangle with vertices (k, 0), (1, 1) and (0, 3) is 5 unit. Find the value (s) of k.
If Ais a square matrix of order 3 and |A| = — 2, find the value of |-3A|.

If A= 2B where A and B are of square matrices of order 3 x 3 and |B| = 5. What is |A|?
What is the condition that a system of equation AX = B has no solution.

Find the area of the triangle with vertices (0, 0), (6, 0) and (4, 3).

2x 4
-1 x

If

6 -3
= , find x.
2 1

X+y y+z z+x

If A=| z X y |, write the value of det A.
1 1 1
a, a
If A=| """ "1 such that |4 = — 15, find a,, C,, + a,,C,, Where C, is cofactors of a, in
8y 8 ' !
A = [a]
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27.

28.

29.
30.
31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

If Ais a non-singular matrix of order 3 and |A| = — 3 find |adj A|.

5 -3
If A= find (adj A)

6 8
Given a square matrix A of order 3 x 3 such that |A] = 12 find the value of |A adj A|.
If Ais a square matrix of order 3 such that |adj A| = 8 find |A|.

Let A be a non-singular square matrix of order 3 x 3 find |adj A| if |A| = 10.

I A=E ﬂ find |(a)7)

3
If A=[-1 2 3] and B:|—4| find |AB|.
0

SHORT ANSWER TYPE QUESTIONS (4 MARKS)

—y 2 1
Find x, y zand wit | Y “XT%|_ S
2x -y 3x+w 0 13

1+i+j ifizj
Construct a 3 x 2 matrix A = [a,.j] whose elements are given by a; = li—2j ifi <j
2

. . 1 -2 3 3 0 1
Find A and B if 2A + 3B = and A-2B= .
2 0 -1 -1 6 2

-1
If A=| 2| and B=[-2 -1 -4], verify that (AB)" = B'A".
3

3 3 -1

Express the matrix [-2 -2 1|=P+Q where P is a symmetric and Q is a skew-symmetric

) -4 -5 2
matrix.

cosn® sinnd

[cose sin©
If
—sinn® cosnob

_sine® cose}’ verify prove that A" ={

Let A=|> _1,B= 5 2,C: 2 5,findamatrixDsuchthat CD - AB = O.
3 4 7 4 3 8
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41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

13 2|1
Find the value of x such that [1 x 1]| 2 5 1{|2|=0
15 3 2]||x
2 . 2 .
Prove that the product of the matrices cos™6 c0s® sind and cos”¢ cos¢ sing is
cosf sin® sin?@ cos¢ sing sin¢

T
the null matrix, when 6 and ¢ differ by an odd multiple of Py

If A= 12 3} show that A2 — 12A — | = 0. Hence find A™".

2 3
it A=|" 7} find f{A) where f(x) = X — 5x — 2.

4 3
If A= {2 5}, find x and y such that A2 — xA + yl = 0.

. . 1 2 3 -7 -8 -9
Find the matrix x so that x = .
4 5 6 2 4 6

If A:ﬁ ﬂ and B:[ 1 _ﬂ then show that (AB)™' = B-1A.

Test the consistency of the following system of equations by matrix method :

3x—y=56x—-2y=3

Using elementary row transformations, find the inverse of the matrix A =[ 6 _ﬂ if possible.

y
By using elementary column transformation, find the inverse of A= E 2}.

coso —sina
If A=|
sino.  coso

} and A + A" = |, then find the general value of a.

Using properties of determinants, prove the following : Q 52 to Q 59.

a-b-c 2a 2a
2b b-c-a 2 |=(a+b+c)®
2c 2c c—a-b
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X+2 x+3 x+2a
53. |x+3 x+4 x+2b|=0 if a,b,c are in AP.
x+4 x+5 x+2c

sina. coso. sin(o+8)
54. |sinp cosp sin(B+3)|=0
siny cosy sin(y+3d)

2 2
b~ +c a a
2 2 2 2,2 2
b c +a b =4abc .
55.
2 2 2 2
c c a +b»b

b+c c¢c+a a+b a b c¢
56. |gq+r r+p p+q|=2p g rf|.
y+z zZ+Xx XxX+Yy X y z

2 2
a bc ac +c¢

57. 32 + ab b2 ac = 432b202.

ab b2 + bc 02

X+ a b c
58. a X+b c |=x*(x+a+b+c).
a b X +cC

59. Show that :

Xy Pl=(y-2)z-x)(x-y)(yz +2zx + xy).

yz zx Xy

60. (i) If the points (a, b) (a’, b") and (a — a’, b — b’) are collinear. Show that ab” = a'b.

2 5 4 -3
iy If A= and B = verity that |AB| = |Al|B].
2 1 2 5

2
61. Given A = { } and B =|1 0. Find the product AB and also find (AB)~".
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62.

63.

64.

65-

66.

67-

68.

69.

70.

Solve the following equation for x.

a+x a-x a-x
a-x a+x a-x|=0.
a-x a-x a+x

2 1 4 5
Verify that (AB)™' = B-'A™" for the matrices A = [5 3} and B = [3 4}

Using matrix method to solve the following system of equations : 5x — 7y = 2, 7x — 5y = 3.

LONG ANSWER TYPE QUESTIONS (6 MARKS)

Obtain the inverse of the following matrix using elementary row operations A =

W = O
—_ N =
- W N

1 -1 2||-2 0 1
Use product [0 2 -3|| 9 2 -3| to solve the system of equations
3 2 4|| 6 1 -2
X—y+2z=1,2y—-3z=1,3x—-2y + 4z = 2.

Solve the following system of equations by matrix method, where x # 0, y # 0, z# 0

E—§+§=10, l+1+1=10, E—l+g=13.
X y z X y z X y z
1 2 -3
Find A', where A = |2 3 2 |, hence solve the system of linear equations :
3 -3 -4

X+2y—3z=-4
2x+ 3y +2z=2
3x -3y —4z=11

The sum of three numbers is 2. If we subtract the second number from twice the first number,
we get 3. By adding double the second number and the third number we get 0. Represent it
algebraically and find the numbers using matrix method.

Compute the inverse of the matrix.

3 -1 1
A=|-15 6 -5| and verify that A" A = ;.
5 -2 5
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71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

1 1 2
If the matrix A=|0 2 -3|and B =
3 2 4

2 0
3 -1, then compute (AB)™.
0o 2

—_ O -

Using matrix method, solve the following system of linear equations :

2x—-y=4,2y+z=5z+2x=17.

011 e
Find AifA=|1 0 1/|. Also show that A™ ZT_'
110
1 2 -2
Find the inverse of the matrix A = | -1 3 0 | by using elementary column transformations.
0o -2 1
2 3 . :
Let A= | and f(x) = x> — 4x + 7. Show that f (A) = 0. Use this result to find A°.

coso —sina O
If A=|sina cosa 0, verify that A . (adj A) = (adj A) . A = |A| L,
0 0 1

2 -1 1

For the matrix A=|-1 2 -1|, verify that A3 — 6A% + 9A — 4/ = 0, hence find A™".
1 -1 2

Find the matrix X for which

B SIS

By using properties of determinants prove the following :

1+a% - b? 2ab —2b
2ab  1-a°+b? 2a |=(1+a2+b?).
2b -2a  1-a*-b?
(y+2)?  xy zx
xy  (x+2z2) yz |=2xyz(x+y+2z)°.
4 vz (x+y)f
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a a+b at+b+c

81. |2a 3a+2b 4a+3b+2c|=a".
3a 6a+3b 10a+6b+3c
x x* 1+x°
82. If x, y, z are different and |y y? 1+ y3=0. Show that xyz = — 1.
z 22 1+2°
H.O.T.S.
83. If a matrix A has 11 elements, what is its possible order?
84. Given a square matrix A of order 3 x 3, such that |A| = — 5, find the value of |A . adj A|.
85. If [Al =3 and A =[aj],, 5 and c; the cofactors of a; then what is the value of a,5¢;5 + @y;Cp5 +
833003
86. What is the number of all possible matrices of order 2 x 3 with each entry 0, 1 on 2.
SHORT ANSWER TYPE QUESTIONS (4 MARKS)
0 _tan<
87. If A= 2 and / is the identity matrix of order 2, show that
tan > 0
2
I+A=(I—A)[Cc_)sa _Sina}
sino.  cosa
cosf —sin6 O
88. If F(6)=|sin® cos® 0], show that F (8) F (¢) = F( + ¢).
0 0 1
89. Let A= {8 (1)} show that (al + bA)" = a"l + na™' bA, where | is the identity matrix of order 2
and ne N.
logx 10 1
90. If x, y, z are the 10", 13" and 15" terms of a G.P. find the value of A =|logy 13 1|.

logz 15 1
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91. Using properties of determinants, show that
(b+cf & be
(c+al b® cal=(a-b)(b-c)(c-a)a+b+c)(a®+b?+c?).
(a+b) ¢ ab
LONG ANSWER TYPE QUESTIONS (6 MARKS)
—bc b?+bc c?+bc
92. Using properties of determinants prove that |a® +ac -ac c? +ac|=(ab+bc +ca)’
a®+ab b?+ab -ab
3 2 1
93. If A=14 -1 2|, find A" and hence solve the system of equations
7 3 -3
3X+4y +7z=14,2x—-y+3z=4, x+ 2y — 3z = 0.
ANSWERS
0o -1
1. x=2,y=7 2. 10
3. 11. 4. 4
9 -6 3 -5
5. |y 29l 6. | 5 4|
7. AB = [26]. 8. x=5
y
9. x=-5 10. { 0 }
-1 0
1. 8@+ PP+ 2+~ 12. x=-13
3
K=2. =
13, > 14. A = 1.
15. 46 16. 4
5
17. P=-8 18. x=—.
3
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19.

21.
23.
25.

27.

29.
31.
33.

35.

40.

43.

45.

48.

50.

61.

64.

40.
9 sqg. units

0

1728
100
|AB| = — 11

NI= N W
Nl= o1 N|w

Q
[

-191 -110
77 44 |

x=9,y=14

Inconsistent

Ao 2
|-5 3]

20. 54.

22. |A|=0, (adj A) . B#0

24, x==+2
26. 0
8 3
28. .
-6 5
30. |Al =9
32. 11

34. x=1,y=22z=3, w=4

41, x=-2orx— 14

44. flA) =0

. |12
6. X=15 of

49. Inverse does not exist.

51. oa=2nm % nez

r
3!
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65.

67.

69.

71.

73.

75.

78.

84.
86.
93.

Al la 3 -1l

s 3 1

2 2 2
11,
2’ Y73 %75

5|18 93
| 31 -118]

-16 3
X = .
24 -5
-125
729

66.

68.

70.

72.

74.

77.

83.

85.
90.

x=0,y=5,2z=3

1 -6 17 13
Al=——| 14 5 -8
67
15 9 -1
2 0 -1
A'=|5 1 0
0 1 3

x=3,y=2,z=1.

326
A'=l1 12
2 25
3 1
Al=2l1 3 1
4l 1 3
11 %1, 1 x 11
3
0
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CHAPTER 5

CONTINUITY AND DIFFERENTIATION

POINTS TO REMEMBER

A function f(x) is said to be continuous at x = c iff limf(x)=7(c)

X—C

ie, lim f(x) = lim f(x) = f(c)

X—=c x—c'

fix) is continuous in [a, b] iff it is continuous at x =c V c € (a, b).

f(x) is continuous in [a, b] iff

(i) f(x) is continuous in (a, b)

(i) lim f(x)=f(a),

x—a*

(i) lim f(x)=f(b)

X—b~
Every polynomial function is continuous on R.
If ix) and g(x) are two continuous functions and ¢ € R then at x = a
(i) fix) £ g(x) are also continuous functions at x = a.

(i) f(x), fix) + ¢, cfix), |fix)| are also continuous at x = a.

f(x)
(iii) m is continuous at x = a provided g(a) # 0.

f(x) is derivable at x = c iff

L.H.D. (¢) = RH.D. (¢)

, . f(x)=f(c) _ f(x)=f(c)
ie. lim —————~ = |im —————— =
X—c X —C x—c' X —-C

and value of above limit is denoted by f(c) and is called the derivative of f(x) at x = c.
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dv au

—(uev)=ue—+v.
ax ax adx

yoav o, av
i(ﬂ): dx dx
dx \ v V2

If y = flu), x = g(u) then

dy _ f(u)
dx g’
Iy = fu) and u = g(?) then v_ddu f(u).g’(t) (Chain Rule)
dt du dt

fix) = [x] is discontinuous at all integral points and continuous for all x e R — Z

Rolle’s theorem : If f(x) is continuous in [a, b] and derivable in (a, b) and f(a) = f(b) then there
exists atleast one real number ¢ € (a, b) such that f (c) = 0.

Mean Value Theorem : If f(x) is continuous in [a, b] and derivable in (a, b) then these exists

f(b) - f(a)
b-a '

atleast one real number ¢ € (a, b) such that f(c) =

fix) = logx, (x > 0) is continuous function.

VERY SHORT ANSWER TYPE QUESTIONS (1 MARK)
For what value of x, f(x) = |2x — 7| is not derivable.
Write the set of points of continuity of g(x) = [x — 1] + |x + 1].

What is derivative of [x — 3| at x = — 1.

(x =1+ (x+1)
(x -7)(x —86)

What are the points of discontinuity of f(x) =

Write the number of points of discontinuity of fix) = [x] in [3, 7].

Ax-3 ifx<2
The function, f(x)= 4 if x =2 is a continuous function for all x € R, find A.
2x ifx>2
tan3x
For what value of K, f(x)=1 sin2x’ x#0 is continuous V x € R.
2K, x=0
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8. Write derivative of sin x w.r.t. cos x.
9. If ix) = x¥*g(x) and g(1) = 6, g'(1) = 3 find value of F(1).

10. Write the derivatives of the following functions :

() log, (3x + 5) (i) o9, x
(i) %%, x > 1 (iv) sec”'\/x +cosec 'Vx, x >1.
(V) sin'(x7?) (vi) log, 5, x > 0.

SHORT ANSWER TYPE QUESTIONS (4 MARKS)

11. Discuss the continuity of following functions at the indicated points.

x — |x|

W ) =1"% " **% aax=o
2, x=0
S|n2x’ X =0
(i) g(x) = 3x at x =0
g x=0
2

i) 7 Ox) = {x2 cos(¥x) x#0 _  _
0 x =0

(iv) fix)=|x +|x— 1] at x=1.
(v) f(x)={x_[X]’ X#1 aix =1,
X =1

(vi) fix) = e¥*4 at x = 0 where a is constant.

3x> —kx +5, 0
1- 3x 2

IN N
x

12. For what value of K, f(x) = |:

13. For what values of a and b

X+2+a if x < -2
Ix + 2|
f(x) = a+b if x = -2
X 4+ 2 is continuous at x = 2.

+2b if x > -2

Ix + 2|

2 is continuous V x [0, 3].
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14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Prove that fix) = |[x + 1| is continuous at x = —1, but not derivable at x = —1.

For what value of p,

If y =

If y

F(x) = {xp sin(1/x,)
0

1 tan‘1( 2x +2tan‘1(l) .0 < x < 1find @
2 1 - x2 X dx

sin[Z tan™’ /F—X}
1+ x

x=0
x=0

then d_y =7
dx

If x\/1—y2 + y\J1-x2 = a then show that

d _
If 5¥+ 5Y = 5* then prove that d_i + 577X

= 0 .

dy

ax

If V1—x2 .|.,/1_y2 =a(x-y) then show that

d
If (x + y)™*" = x™. y"then prove that ax

2 L 2
Find the derivative of tan‘1( X )w.r.t. sin 1( X

1-x2

dy

ax

L

1+ x

Find the derivative of log(sin x) w.r.t. log (cos x).

If X+ y* + x¥=m", then find the value of

d?y

If x=a cos®0, y = a sin®0 then find el

If

If y:sin‘1[x\/1—x—\/;\/1—x2] then Z—y

x = ae' (sint — cos 1)

y = aé! (sint + cost)

d .
then show that D at x =ZIS 1,

X

ax

ax

-y
1-x

2

is derivable at x = 0.

2

5"

1-y?

1-x%

)
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dy

28. If y=x"%"4(| * then find —%.
y =x°%* +(log, x) »
29. Differentiate X* w.r.t. x.
30. Differentiate & w.rt. x.
HO.T.S.
31. Ify = tan—1(J1 +sinx - J1- S'”X] where & < x < = find 2.
J1+sinx ++/1-sinx 2 ax
32. If x= sin(éloge y) then show that (1 — x°) y" — xy" — &y = 0.
[ 2
33. If y=sin_1 (MJ’QZ?
13 ax
_ _ dy sin®(a+y)
34. If sin y = x sin (a + y) then show that . sna
. _dy
35. |If y=sin7'x, find ——% in terms of y.
ax
2 2 2 _p4
36. If X—+y—:1, then show that d—}zl= 2b3.
a® b2 dx* a‘y
2 2
37. If ax® + 2hxy + by? = 1 then prove that d }2/: h abs.
dx*  (hx+by)
2 52,2
38. If y® = 3ax? — x3 then prove that d—}Q/: 235X .
ax y
ANSWERS
VERY SHORT ANSWER TYPE QUESTIONS (1 MARK)
1. x=-7/2 2. R
3. -1 4. x=6,7
5. Points of discontinuity of f{x) are 4, 5, 6, 7 i.e. four points.

Note : At x = 3, f(x) = [x] is continuous. because Iin;f(x) =3=1(3).
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7 3
6. A=—. 7. k=—.
2 4
8. —cot x 9. 15
10 (i) & logs e (i) e°% 1 log, e (i) 6 (x = 1)° (iv) O
' 3x +5 ° X 926
(V) Z_X2\/; (Vl) M
2 1—x"’ x(log, x)2
SHORT ANSWER TYPE QUESTIONS (4 MARKS)
11. (i) Discontinuous (i) Discontinuous (iiiy Continuous (iv) continuous
(v) Discontinuous (vi) Continuous
12. K=11 13. a=0, b=-1.
15. p>1. 16. 0
T A—— 22. 1
1-x2
) dy _ —x*(1+logx) - yx*™" - y*logy
23. —cot°x log a 24, dx 7 Iogx+xy"‘1 .
d’y 1 4 dy 1 1
25. —5-=—,cosecHsec”6. 27. —|—= - .
dx®> 3a adx 1_ x2 2\/; M- x
log x 2|ng X
28. +(logx) IO—+Iog(Iogx) :
29. ﬂ:xxx.xx Iogx(1+logx+ J
dx xlogx
X e* _x 1
30. e' x“e'|—+logx|.
X
HO.T.S.
d 1
31. @ Hint. : sin£,> cosﬁ for x € E,n .
dx 2 2 2 2
1
33. el 35. sec?y tany.
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CHAPTER 6

APPLICATIONS OF DERIVATIVES

POINTS TO REMEMBER

Rate of Change : Let y = f(x) be a function then the rate of change of y with respect to x is given

by Z_y = f'(x) where a quantity y varies with another quantity x.
X

dy

4 } or f(x,) represents the rate of change if y w.r.t. x at x = x,.
X X=Xq

If x=1Aftf)and y = g (¥

By chain rule

@ _ay fox o,
dx dt/ dt dt

() A function f(x) is said to be increasing on an interval (a, b) if x, < x, in (a, b) = f(x,) <

f(x) Vv X, X, € (a b). Alternatively if f(x,)>0V x e (a, b), then f(x) is increasing
function in (a, b).

(i) A function f(x) is said to be decreasing on an interval (a, b). If x, < x, in (a, b) = fx,)
> fix,) ¥V X, X, € (&, b). Alternatively if f(x) <0 V x e (a, b), then f(x) is decreasing
function in (a, b).

The equation of tangent at the point (x,, y,) to a curve y = f(x) is given by

_ 9

= (X = Xo)-
dX}(XoJ’o)

Y Yo

dy

where —} = slope of the tangent of the point (xo, ¥, ).
dx (x0:¥0)

1
Slope of the normal of the point (x,, y,) is given by ~ dy} .
X=Xq

ax
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Equation of the normal to the curve y = f(x) at a point (x,, y,) is given by

YYo= - (x=X,).
dy}
(X0:¥0)

dx

If Z—y} =0. Then the tangent is parallel to x-axis at (x, Y,). Equation of the normal is
X (x0:¥0)
X = X,
dy
If g (Xouro) does not exit, then the normal is parallel to x-axis and the equation of the normal is
0:70
Y=Y
Let y = f(x)

Ax = the small increment in x and
Ay be the increment in y corresponding to the increment in x

Then approximate change in y is given by

d}/) ;
day = | = |A =
y ( X X or dy = f(x) Ax

The approximate change in the value of f is given by
f(x+ Ax) = f(x)+ F(x)Ax

Let f be a function. Let point ¢ be in the domain of the function f at which either " (¢) = 0 or f
is not differentials is called a critical point of f.

First Derivative Test : Let f be a function designed on an open interval |. Let f be continuous
at a critical point ¢ € 1. Then

(i) f1{x) changes sign from positive to negative as x increases through c.

i.e. if f{x) > 0 at every point sufficiently close to and to the left of ¢ and f(x) < 0 at every
point sufficiently close to and to the right of ¢, then c is a point of local maxima.

(i) If f(x) changes sign from negative to positive as x increases through c i.e. if f(x) < 0 at
every point sufficiently close to and to the left of ¢ and f{x) > 0 at every point sufficiently
close to and to the right of ¢ then ¢ is a point then ¢ is a point of local maxima.

(iii) If f{x) does not change sign as x increases through ¢, then c is neither a point of local
maxima nor a point of local minima. Such a point is called a point of inflexion.

® Second Derivative Test : Let f be a functions defined on an interval | and letc e |.

() x = cis a point of local maxima if f{c) = 0 and f{(c) < 0.

Then f(c) is the local maximum value of f.
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10.

11.

12.

13.
14.
15.

16.
17.

(i) x = cis a point of local minima if f{c) = 0 and f'(c) > 0. Then f{(c) is the local minimum
value of f.

(iiiy The test fails if f{c) = 0 and f"{c) = 0.

VERY SHORT ANSWER TYPE QUESTIONS

The side of a square is increasing at a rate of 0.2 cm/sec. Find the rate of increase of perimeter
of the square.

The radius of the circle is increasing at the rate of 0.7 cm/sec. What is the rate of increase of

its circumference?

If the radius of a soap bubble is increasing at the rate of %cm/sec. At what rate its volume

increasing when the radius is 1 cm.

A stone is dropped into a quiet lake and waves move in circles at a speed of 4 cm/sec. At the
instant when the radius of the circular wave is 10 cm, how fast is the enclosed area increasing?

The total revenue in rupees received from the sale of x units of a product is given by
R(x) = 13x% + 26x + 15. Find the marginal revenue when x = 7.

Find the maximum and minimum values of function f(x) = sin 2x + 5.
Find the maximum and minimum values if any of the function ix) = - |[x - 1| + 7 V xe R.

Find the value of a for which the function fix) = x> — 2ax + 6, x > 0 is strictly increasing.

Write the interval for which the function fix) = cos x, 0 < x < 2n is decreasing.

log x
What is the interval on which the function f(X)=% is increasing?

For which values of x, the functions y = x* —%xs is increasing?

1
Write the interval for which the function f(x)=; is strictly decreasing.

Find the sub-interval of the interval (0, n/2) in which the function f(x) = sin 3x is increasing.
Without using derivatives, find the maximum and minimum value of y = |3 sin x + 1|.

It is given that at x = 1, the function f{x) = x* — 62 x° tax + 9 attains its maximum value is the
interval [0, 2]. Find the value of a.

Write the interval in which the function fix) = x® + 3x” + 64 is increasing.

What is the slope of the tangent to the curve f = x3 — 5x + 3 at the point whose x co-ordinate
is 27
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18. At what point on the curve y = x*> does the tangent make an angle of 45° with the x-axis?
19. Find the point on the curve y = 3x> — 12x x 9 at which the tangent is parallel to x-axis.
20. What is the slope of the normal to the curve y = 5x°> — 4 sin x at x = 0.
21. Find the point on the curve y = 3x% + 4 at which the tangent is perpendicular to the live with slope
1
5
22. Find the point on the curve y = X2 where the slope of the tangent is equal to the y — co-ordinate.
23. If the curves y = 2e¥ and y = ae ¥ intersect orthogonally (cut at right angles). What is the value
of a?
24. Find the slope of the normal to the curve y = 8x° — 3 at x =%.
25. Find the rate of change of the total surface area of a cylinder of radius r and height h with
respect to radius when height is equal to the radius of the base of cylinder.
26. Find the rate of change of the area of a circle with respect to its radius. How fast is the area
changing w.r.t. its radius when its radius is 3 cm?
27. For the curve y = (2x + 1)3 find the rate of change of slope as x = 1.
28. Find the slope of the normal to the curve
x=1-asin® ; y=bcos?e at e=g
29. If a manufacturer’s total cost function is C(x) = 1000 + 40x + x2, where x is the out put, find the
marginal cost for producing 20 units.
30. Find a for which f{x) = (x + sin x) + a is increasing.
ANSWERS
1. 0.8 cm/sec. 2. 4.4 cm/sec.
3. 2 cmY/sec. 4. 80 cm?/sec.
5. Rs. 208. 6. Minimum value = 4, maximum value = 6.
7. Maximum value = 7, minimum value does not exist.
8. a<o. 9. (0, m]
10. (O, €] 11. x> 1
1
0,— |
12. R 13. ( 6)
14. Maximum value = 4, minimum valve = 0.
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15.

17.

19.

21.

23.

25.

27.

29.

a=120 16. R

7 18 l l)

" \274)
2,—3 20 u
( y T ) 4
(1, 7) 22. (0, 0), (2, 4)
1 oy 1
2- - 4'
8nmr 26. 2 m cm?/cm
72 28 -2

" 2b°
Rs. 80. 30. a>0.

VERY SHORT ANSWER TYPE QUESTIONS

A particle cover along the curve 6y = x3 + 2. Find the points on the curve at which the y
co-ordinate is changing 8 times as fast as the x co-ordinate.

A ladder 5 metres long is leaning against a wall. The bottom of the ladder is pulled along the
ground away from the wall as the rate of 2 cm/sec. How fast is its height on the wall decreasing
when the foot of the ladder is 4 metres away from the wall?

A balloon which always remain spherical is being inflated by pumping in 900 cubic cm of a gas
per second. Find the rate at which the radius of the balloon increases when the radius is 15 cm.

A man 2 meters high walks at a uniform speed of 5 km/hr away from a lamp post 6 metres high.
Find the rate at which the length of his shadow increases.

Water is running out of a conical funnel at the rate of 5 cm?/sec. If the radius of the base of the
funnel is 10 cm and attitude is 20 cm. Find the rate at which the water level is dropping when
it is 5 cm from the top.

The length x of a rectangle is decreasing at the rate of 5 cm/sec and the width y is increasing
as the rate of 4 cm/sec when x = 8 cm and y = 6 cm. Find the rate of change of

(a) Perimeter (b) Area of the rectangle.

Sand is pouring from a pipe as the rate of 12c.c/sec. The falling sand forms a cone on the
ground in such a way that the height of the cone is always one-sixth of the radius of the base.
How fast is the height of the sand cone is increasing when height is 4 cm?

The area of an expanding rectangle is increasing at the rate of 48 cnf/sec. The length of the
rectangle is always equal to the square of the breadth. At what rate lies the length increasing
at the instant when the breadth is 4.5 cm?

43 XIll — Maths



10.

11.
12.
13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Find a point on the curve y = (x — 3)° where the tangent is parallel to the line joining the points
(4, 1) and (3, 0).

1

Find the equation of all lines having slope zero which are tangents to the curve y = Z oxi3
X°=2X+

Prove that the curves x = ) and xy = k cut at right angles if 8k = 1.
Find the equation of the normal at the point (@am?, am?®) for the curve ay® = x°.

Show that the curves 4x = y? and 4xy = k cut as right angles if k> = 512.

Find the equation of the tangent to the curve y=+3x-2 which is parallel to the line
4x —y+ 5 =0.

2 2
a a
Find the equation of the tangent to the curve Vx +,/y =a as the point (TT)

16

Find the points on the curve 4y = x3 where slope of the tangent is 3

Show that i+%:1 touches the curve y = be™2 at the point where the curve crosses the
a
y-axis.

Find the equation of the tangent to the curve given by x = a sin3t, y = b cos® t at a point where

t="
2

Find the intervals in which the function f(x) = log (1 + x) — % x > —1 is increasing or decreasing.

Find the intervals is which the function fix) = x3 — 12x%2 + 36x + 17 is
(a) Increasing (b) Decreasing.

Prove that the function f(x) = x> — x + 1 is neither increasing nor decreasing in [0, 1].

Find the intervals on which the function f(x)=2—

is decreasing.
X +1

Prove that the functions given by f(x) = log cos x is strictly decreasing on (O, g) and strictly
. . n
increasing on (E,Tt)-

Find the intervals on which the function f(x)=loﬂ is increasing or decreasing.
X
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25. Find the intervals in which the function f(x) = sin* x + cos*x, 0 < x < g is increasing or decreasing.
26. Find the least value of a such that the function ix) = x> + ax + 1 is strictly increasing on
(1, 2).
3 5
27. Find the interval in which the function f(x)=5x2 -3x2, x>0 is strictly decreasing.
28. Show that the function f(x) = tan™' (sin x + cos x), x > 0 is strictly increasing on the interval
(o, E).
4
: T o , 3n 7m
29. Show that the function f(x)=cos 2X+Z is strictly increasing on '8 )
. sinx . . . T
30. Show that the function f(x) == s strictly decreasing on (0, E)-
Using differentials, find the approximate value of (Q. No. 31 to 37).
1 1
31. (0.009)3. 32. (255)4.
1
33. (0.0037)2. 34. /0.037.
1
35. (66)3. 36. .253.
37. /4.
38. Find the approximate value of f (5.001) where fix) = x> — 7x° + 15.
39. Find the approximate value of f (3.02) where f (x) = 3x* + 5x + 3.
40. Find the approximate value of f (2.998) where fix) = 5x° — 3x + 4.
ANSWERS
31 8
4 -2 ——cm/sec.
1. (4,11) and ( 4, 3). 2. 3 /
3. lcm/sec. 4. 2.5 km/hr.
T
5. %cm/sec. 6. (a) -2 cm/min, (b) 2 cm?/min
I
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12.

15.

18.
20.
22.

25.

26.
31.
33.
35.
37.
39.

A 0D

1
——cm/sec.
4810 / 8. 7.11 cm/sec.

71 1
(E’ Z) 10. y= 3
2x + 3my — an? (2 + 3cm?) = 0 14. 48x — 24y = 23
2x + 2y = & 16. (§ @) (__8 _ﬁ)

3 27 3 27
y=0 19. Increasing in (0, «), decreasing in (-1, 0).
Increasing in (— o, 2) U (6, ) Decreasing in (2, 6).
(= o0, —=1) and (1, o). 24. Increasing in (0, €] and Decreasing in [e, o).
Increasing in (E,E) Decreasing in (0, E).
4 2 4

a=-2 27. Strictly decreasing in (1, o).
0.2083 32. 3.9961
0.06083 34. 0.1925
4.04 36. 5.03
4.9 38. —34.995
45.46 40. 39.946

LONG ANSWER TYPE QUESTION (6 MARKS)

Show that of all rectangles inscribed in a given fixed circle, the square has the maximum area.
Find two positive numbers x and y such that their sum is 35 and the product x°y® is maximum.
Show that of all the rectangles of given area, the square has the smallest perimeter.

Show that the right circular cone of least curved surface area and given volume has an altitude

equal to /2 times the radium of the base.
Show that the semi vertical angle of right circular cone of given surface area and maximum
o _1(1)
volume is sin™ | —|.
3
A point on the hypotenuse of a triangle is at a distance a and 3b from the sides of the triangle.

2 2)
Show that the minimum length of the hypotenuse is (aS +b3) .
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10.

11.

12.

13.

14.
15.
16.

17.

18.

19.

20.
21.

22.

8
Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is 57

of the volume of the sphere.

Find the interval in which the function f given by fix) = sin x + cos x, 0 < x < 2 is strictly
increasing or strictly decreasing.

Find the intervals in which the function fix) = (x + 1)3 (x — 3)3 is strictly increasing or strictly
decreasing.

Find the local maximum and local minimum of fix) = sin 2x — X, _g< X <g_

Find the intervals in which the function f(x) = 2x3 — 15x2 + 36x + 1 is strictly increasing on
decreasing. Also find the points on which the tangents are parallel to x-axis.

A solid is formed by a cylinder of radius r and height h together with two hemisphere of radius
r attached at each end. It the volume of the solid is constant but radius r is increasing at the

1 :
rate of Emetre/mm. How fast must h (height) be changing when r and h are 10 metres.

Find the equation of the normal to the curve

Xx=a(cos ®+ 6 sinB);y=a(sin B —6 cos 0) at the point 6 and show that its distance from
the origin is a.

For the curve y = 4x3 — 2x°, find all the points at which the tangent passes through the origin.
Find the equation of the normal to the curve x°> = 4y which passes through the point (1, 2).

Find the equation of the tangents at the points where the curve 2y = 3x° — 2x — 8 cuts the
x-axis and show that they make supplementary angles with the x-axis.

2 2
Find the equations of the tangent and normal to the hyperbola X—Z—Z—2=1 at the point
a

(Xpr Y-

A window is in the form of a rectangle surmounted by an equilateral triangle. Given that the
perimeter is 16 metres. Find the width of the window in order that the maximum amount of light
may be admitted.

A jet of an enemy is flying along the curve y = X2 + 2. A soldier is placed at the point (3, 2).
What is the nearest distance between the soldier and the jet?

Find a point on the parabola y® = 4x which is nearest to the point (2, -8).

A square piece of tin of side 18 cm is to be made into a box without top by cutting a square
from each cover and folding up the flaps to form the box. What should be the side of the square
to be cut off so that the value of the box is the maximum points.

A window is in the form of a rectangle is surmounted by a semi circular opening. The total
perimeter of the window is 30 metres. Find the dimensions of the rectangular part of the window
to admit maximum light through the whole opening.
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23.

24.

25.

26.

27.

28.

29.

30.

An open box with square base is to be made out of a given iron sheet of area 27 sq. meter show
that the maximum value of the box is 13.5 cubic metres.

A wire of length 28 cm is to be cut into two pieces. One of the two pieces is to be made into a
square and other in to a circle. What should be the length of two pieces so that the combined area
of the square and the circle is minimum?

Show that the height of the cylinder of maximum volume which can be inscribed in a sphere of

radius R is ﬁ Also find the maximum volume.

V3

Show that the altitude of the right circular cone of maximum volume that can be inscribed is a

sphere of radius ris %

Prove that the surface area of solid cuboid of a square base and given volume is minimum,
when it is a cube.

Show that the volume of the greatest cylinder which can be inscribed in a right circular cone of

. . . . 4 3 2
height h and semi-vertical angle o is Enh tan® o.

Show that the right triangle of maximum area that can be inscribed in a circle is an isosceles
triangle.

A given quantity of metal is to be cast half cylinder with a rectangular box and semicircular ends.
Show that the total surface area is minimum when the ratio of the length of cylinder to the
diameter of its semicircular ends is © : (n + 2).
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ANSWERS

10.

11.

12.

13.
14.
15.

17.

19.

21.

24.

25,10

Strictly increasing in (O, E)U(S—R,ZR)
4 4
. .. (m bm;
Strictly decreasing is (——)
4 4
Strictly increasing in (1, 3) U (3, )

Strictly decreasing in (—o, —1) U (-1, 1).

Local maxima at x =%
Local max. value :ﬁ_ﬁ
2 6
.. T
Local minima at x = 5
Local minimum value =T-|-E

Strictly increasing in (—eo, 2] U [3, o)
Strictly decreasing in (2, 3).
Points are (2, 29) and (3, 28).

—%metres/min.

X + y tan® — a secb = 0.

0, 0), (-1, —=2) and (1, 2).

X+y=3 16. 5x —y—-10=0and 15x + 3y + 20 =0
XX _Wo_q Y Vo X=X _ L
J5 20. (4, 4)
3cm 22 60 30
" on+d4’ m+4d
112 28n
cm, cm.
n+4 n+4
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CHAPTER 7

INTEGRALS

POINTS TO REMEMBER

Integration is the reverse process of Differentiation.
Let diF(x):f(x) then we write Jf(x)dx:F(x)+c.
X

These integrals are called indefinite integrals and c is called constant of integrations.

From geometrical point of view an indefinite integral is collection of family of curves each of
which is obtained by translating one of the curves parallel to itself upwards or downwards along
with y-axis.

STANDARD FORMULAE

n+1
L +c¢ n=#-1
XX =1n+1
loglxl +¢c n = -1
(ax + b)"*!
- +c n=z-
J.(ax+b)"dx= (n+1)a
1
—loglax + bl + ¢ n = -1
a
Jsinx dx = —Cos X + C. 4. Icosx dx = sinx + c.
tan x .dx = —loglcos x| + ¢ = loglsec x| + c.
o
[ . 2
cot x dx = log|sin x| + c. 7. J-sec x.dx = tanx + c.
o
[ 2
cosec x.dx = —cotx + c. 9. jsecx.tanx.dx:secx+c.
o
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10.

12.

14.

16.

18.

20.

22.

24.

25.

26.

J.cosec x cot x dx = — cosec x + c. 11. Jsecxdx = loglsec x + tan x| + c.

J.cosec x dx = log|cosec x — cotx| +c. 13, jexdx=ex +c.

X

ja”dx: ?_tc 15 J‘;dx=sin_1x+c Ix <1
loga ' /1_ 2 ’ '
J. 1 dx = tan ' x + ¢ 17 J ! dx = sec  x + ¢, x| > 1
> = . . —_— = y .
T+ x xVx© - 1

1 1 -
J.ﬁdx=—loga+x + C. 19. J%dx:llogx il S
a - x 2a a-x x° - a 2a X+ a
1 1 -1 X 1 -1 X
———dx = —tan — +c. 21. J—dx:sm —+c.
J.a2+x2 a a V& — x? a

dx=|og‘x+\/az+x2‘+c. 23 Iog‘x+\/x2—az‘+c.

ax

2

X [2 2 a . 1x
= -x" +—sin =—+c.

2 2 a

[ 2 2
Ia - x dx
2
[ [ 2 2 X [2 2 a [ 2 2
a +xdx =—a +x +—|Og‘X+ a +x‘+c.
2 2

2

‘sz _aldx = §Vx2 _ 4 —%Iog‘x +\/x2 —az‘+c.

RULES OF INTEGRATION

Jk.f(x)dx = kjf(x)dx.

[k{f(x)+ g(x)}dx = k[f(x)dx k[ g (x)dx.
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INTEGRATION BY SUBSTITUTION

dx = logl|f (x)| + c.

“(x)
o

n+1
j[f(x)]” F(x) ax = L

n+1

+ C.

. -n+1
J'f(x) dx (f (x)) e

[F (x)]" -n +1

INTEGRATION BY PARTS

jf(x). g (x)dx = f(x).Ug(x)dx} - jf'(x)“g(x)dx}dx.

DEFINITE INTEGRALS

b
Jf(x)dx = F(b) - F(a), where F (x) = Jf(x)dx.

a

DEFINITE INTEGRAL AS A LIMIT OF SUMS.

f(x)dx = lim h[f(a) + f(a+h) +fla+2n) +...+fla+n-1h)]
h—0

where h = b-a
h

PROPERTIES OF DEFINITE INTEGRAL
b a b b
J.f(x)dx:—J‘f(x)dx. 2 Jf(x)dx=jf(t)dt.
a b a a
b c b b b
Jf(x)dx=ff(x)dx+Jf(x)dx. 4. Jf(x)dx:J.f(a+b—x)dx.
a a c a a
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a
I f(x) = 0;if f(x)is odd function.

0

if f(x) is even function.

2a a _
J‘ f(x)dx = 2[ f(x)dx, if f(2a—x)=f(x)
0, if f(2a—x)=—f(x)

VERY SHORT ANSWER TYPE QUESTIONS (1 MARK)

Evaluate the following integrals

1.

11.

13.

15.

j(sin’1 Jx +cos™'/x)dx.

' o
1-sin“ x

1
J x% cos* x dx.
e

/2 (4+3sinx)
j log| ——— |dx
0 4+ 3cos x

cos2x +2sin® x
j > ax.
cos? x

]
| ——
Sin~ XCOs™ X

_ X
[e 9" ax.

10.

12.

14.

16.

j e*ldx.

-1

_[(8" +x8 +§+ijdx.
x 8

1
J ax
xlog xlog(log x)

J'(ealogx +e* Ioga)dx.

/2
_[ sin’ x dx.

T

2

%Uf(x)dx].
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17.

19.

21.

23.

25.

27.

29.

31.

33.

34.

35.

36.

38.

39.

40.

o

J.2X e*dx.

X

e

ax.

J.cos2 o dx.

fsec x.log(sec x +tanx) dx.

Jcotx.log sinx dx.

1
[ ax
x(2+3logx)

J'1_COSde.

sinx

,[(XH)

(x +logx)dx.
X

T
JO |cos x|dx.

2
JO [xldx where [ ] is greatest integer function.

18.

20.

22.

24.

26.

28.

30.

32.

V2
_[0 [x2]dx where [ ] is greatest integer function.

J'b f(x) dx
af(x)+fla+b-x)

J; x|x|dx.

1

a i
it J, 5 = — than what is value of a.

1+x= 4

[Pr0odx+ [ F(x)ax.

37.

X
'[\/de'

Jx

e
1=

ax.

—1 ax
xcosao +1

1
L
CoSs o+ XsIino

.[(x - %)3 dx.

1-sinx
1SN g
X +COS X

.[1 de.
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41. (i)

(vii)

(ix)

(xi)

SHORT ANSWER TYPE QUESTIONS (4 MARKS)

ax.

J‘x cosec (tan_1x2)

4
1+ x

1
J sin(x — a)sin(x — b)

ax.

COS X COS 2x cos 3x dXx.

. 2 4
sin” x cos x dx.

sin x cos x

J.\/z.z 2 2
a sin” x + b” cos” x

ax.

. 6 6
J'sm X + COS X

. 2 2
SiIn X COS X

42. Evaluate :

(i

(iif)

(xii)

X
J.#dx.
X +x +1

J‘ dx
D EEE—
1+ x - X

ax.

1
J‘x/(x—a)(x—b)

5x - 2
3x + 2x + 1

J.X—+2dx.
\/4x—x2
I(SX—Z)VXZ + x + 1 dx.

ax.

(ii)

(iv)

(vi)

(viii)

(xii)

(xii)

Ix +1 - Jx -1
Vx +1+x -1

J‘cos(x +a) d
— adX.
cos(x — a)

5
Icos X dx.

3 4
I cot” x cosec’ x dx.

1

ax.

3
\/cos x cos(x + a)

sin X + cos x
[fsnx coox g

vJsin 2x

1

ax.

J.X|:6(|ng)2 +7Iogx+2]

[
9 + 8x — x2

J‘ /sin(x - ) dx.
sin(x + a)
2

| P—
X +6x+12

jxxﬂ + X — x2dx.

j\/sec X + 1 dx.

ax.
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43. Evaluate :

0 ft

X +

sin® cos O
(iii) j 5
cos 0 —cos0O —2

2
J‘ X +X+2
(x -2)(x -1)

dx
(vii) .
I(ZX + 1)(X2 + 4)

(iX) f SINX .

sin 4x

(xi) J.\/tan X dx.

44. Evaluate :

(i) st sin xdx.
(ii) _[e"”x cos (bx + ¢) dx.

) J.cos JX dx.

(vii) fezx (Mj dx.

1+ cos2x

2
(ix) jex (11 - ij dx.
+ X

x (2 + sin2x)
or rsma0
(1 + cos 2x)

(xi)

de.

(vii)

(xi)

(ii)

(iv)

(vi)

(vii)

(xii)

sin x
ax.

(14 cos x)(2 + 3cos x)

x -1

J ax
(x+1(x-2)(x+3)

ax

4 2
X +x +1

sinx(1-2cos x)

2

x -1

ax.

X +9

ax.

X + 81

3
J sec” x dx.

J‘sin_1 6x dx.

1+ 9x°

st tan”' x dx.

Jex (X _21de.
2X

ex (X2 + 1)

ax.
(x +1)?

J{Iog(logx) b 2}dx.
(log x)
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45. Evaluate the following definite integrals :

ki n
4 »
sin X + cos x ,
(i) J.— ax. (ii) I cos 2x log sin x dx
9 + 16 sin2x
0 0
1 1 2 Ve sin”'
(i) X ax. (iv) dx.
14 x° ( 2)3/2
0 0 - X
T
2 ) 2 2
W) _[ _SInZX gy (vi) J' L S
0sin X + COS X X +4x + 3

X + sin x

O ) |3

(vii) ax.
1+ cos x
46. Evaluate :
3 - i
O JUx-telx-2lvlx-slo @ [ —ax
1+ sinx
1 0
r r
4 2
(ii) I log (1 + tan x) dx. (iv) I log sin x dx.
0 0
T sin x
) J'% dx.
1+ cos x
0
» 2x—x3 when -2 < x < 1
(vi) If(x)dxwheref(x)z x> -3x+2 when-1< x < 1
0 3x -2 when 1< x< 2.
X Sin x cos x X

(vii) — 2 ax. (viii) 5 5 % ax.
sin’ X + cos X a cos X + b sin x

O N |3
O 33
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47. Evaluate the following integrals

3 1
(i) J|x2 - 2x| ax. (ii) J'sin_1 ( 2X > j ax.
1+ x
1 0
1 1+ sinx T ™
(ii) J.Iog( )dx. (V) j —___dx.
1 1_ sinx 0ecosx_i_e cos X

LONG ANSWER TYPE QUESTIONS (6 MARKS)

48. Evaluate the following integrals :

x>+ 4 ax
(i) dx. (ii) dx
J.x5—x ‘[(X—1)2(X2+4)
2x° x*
d . d
R TP N et
g 1
(v) J(\/tanx + Jeot x ) dx. (vi) I T ax.
5 X +1
T xtan ' x
(vii) d.
'([ (1 + X7 )2
49. Evaluate the following integrals as limit of sums :
4 2
(i) J(Zx + 1) dx. (i) J(xz + 3) dx.
2 0
3 4
(iii) J(sz - 2X + 4) ax. (iv) J(sz + ezx)dx.
1 0

(v) (x2 + 3x) ax.

N C——— 1
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H.O.T.S.

50.

51.

53.

55.

57.

59.

61.

!

VERY SHORT ANSWER TYPE QUESTIONS (1 MARK EACH)

[2x]dx where [ ] is greatest integer function.

Jelogx+logsinxdx_ 52.
J- sinx 54
sin2x )
n/4
j |sin x| dx. 56.
"4

y
.[ B 58.
sinx +tanx
1—tanx
j 60.
1+ tanx

J'elog(x+1)—logxdx.

J.sinxsin 2x dx.

b a
jf(x)dx+Jf(a+b—x) ax.
b

a

J- sin® x
1+ cos x

ax.

Jax + b*
CX

SHORT ANSWER TYPE QUESTIONS (4 MARKS)

Evaluate
- B 1
0 [y w0
2 2
(i) J\/x +1 [Iog(x 4+ 1) - 2log x:| dx (i)
X
(v) J sin! || —— ax (vi)

(viii)

2
(vii) j (sin|x| - cos |x|) dx

z
2

ax

=

. 2
X sin X + cos x)

sin X + cos x

adx
V/sin 2x

o3 ———w|a

X dx

—

g a® cos® x + b? sin® x

59

XIll — Maths



(ix)

A — S

3
2

(x) j|x sin x| dx.
1

LONG ANSWER TYPE QUESTIONS (6 MARKS)

[x2]dx, where [x] is greatest integer function

62. Evaluate
]
- cot”' (1 - x + x2) dx . J.
M -([ (i) (sinx — 2 cos x) (2 sinx + cos x)
1 L
log (1 + x) 2
(iif) J. 11 X2 ax (iv) j(2 log sin x — log sin 2x) dx.
0 0
1 (3sin8—2)cos6
- doe
63. J.sinx+sin2x dx. 64. J.5—COSZG—4Sin6
65. J.sec3 X dx. 66. Jezx cos3x dx.
ANSWERS
1. Txse 2. 2e-2
X 9 2
3. tan x + c 4. +X—+8Iog|x|+X—+c.
log8 9 16
5. 0 6. log |log (log x) | + ¢
Xa+1 X e
7.0 8. a+1 loga
9. tanx+ ¢ 10. O
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11.

13.

15.

17.

19.

21.

23.

25.

27.

29.

31.

33.

35.

37.
39.

XC+1 c

+
c+1 logc

X

tan x —cot x + ¢

log |x| + ¢

2"
log(2e)

1
loglx + 1+ —+c.
X +1

X cos? o + ¢

2
(loglsec x + tan x|) e

2

. 2
(Iogszln X) o

%Iog|2 +3logx|+ec.

2 log |sec x/2| + c.

(x +logx)?

12.

14.

16.

18.

20.

22.

24.

26.

28.

30.

32.

34.

36.

38.
40.

fix) + ¢
2032 _2(y_
3 3

%24 ¢

(z)x /og(e/a) +c

%(XH)

Ze&

3/2

+C

—2(x+10"” +c.

Iog|xcosoc+1|+C

Iog|cosoc+xsinoc|+c

cosa

X4

4

sina

1

2

+—_3—X+3Iog|x| +c
2x? 2 '

log |x + cos x| ¢

llog|xe +e¥+e.
e

X2

—

logla
. glax|

—-2X+cC.
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41. ()

(vii)

(vii)

42. ()

%Iog[cosec(tan‘1 x?) -

sin(x — a)

;)
+C.

%(x2 —xvx? —1)+%Iog |X+\/X2 —1|+c.

sin(a - b)

X cos 2a — sin 2a log [sec (x — a)| + ¢

sin(x — b)

i[12x + 65sin2x + 3sin4x + 2sin6x] + c.

. 2 .3 1 .5
sinx — —sin” x + —sin” x + C.
3

5

32 2 2 6
[cot6 X cot4 x]
- + +c
6 4
1
(a2 - b2) \/32 sin2 X + b2 cos2 X

+ C.

—2 cosec a\/cosa - tan x.sina + c.

tan x — cot x— 3x + c.

sin~' (sin

i tan

J3

l0g ‘ 2log

3logx + 2

‘\/§—1+2x
+c

X — COS X) +

1
X + +C

5+1—2x

C.

—1[2x2 +1j+C
J3

2log|vx —a ++x - bl +¢

i[2x +lsin2x—lsin4x—lsin6x}+c.

[Hint. :

(iv) sin” (

[Hint.

X -4

put & sin® x + b? cos® x = f

: Take sec® x as numerator]

Jee

D put X2 = 1]

: put log x = {]
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COSs X

. . -1 . . .2 .2
(vi) —cosasin ( ]—smoc.log‘smx+\/sm X — sin oc‘+c

Cos

{Hint . fsin(x —o) _ sin(x - o) 1

sin(x + @) sin® x — sin® o

(vii) élog|3x2 +2X + 1| + itan_1 (SX hi 1) +cC
6

3.2

(viii)  x - 3Iog|x2 + 6Xx + 12| + 2\/§tan_1(x+ 3) +c

(x) —V4x - X% + 4sin”’ (X — 2] +c

2

3
(x) _—1(1+ x - x2)2 +l(2x—1)\/1+ X - X +isin_1(2X_1]+ c
3 8 16 J5

(xi) (x2 + X +1)E —Z[(x +%)\/x2 + X +1+§Iog

2

|+

+ ¢ [Hint. : Multiply and divide by +/sec x + 1]

x+l+\/x2+x+1
2

(xiiy -—log

1 \/ 2
COS X + — + YCOS~ X + COS X
2

7

43. (i) 1 log
7

+ C

7
x +1

1+ cos x
log|—| + ¢

(ii)

2+ 3cos x
-2 1
(i) —loglcos® — 2| — —logl1+ cos 6| + c.
3 3
(iv) iIoglx + 3 +ilog|x - 2| —llx +1l+c
10 15 6

(x — 2)
x -1

(v) x +4log +c

63 Xl — Maths



(Vi)

(vii)

(iii)

(iv)

2 “1( X -1( X
X+ —tan |—=|-8tan |=|+¢ Hint. : put X2 =
V3 (\/3] (2) [ P !

£|09|2X +1|—ilog|x2 +4| +itan_1£+c
17 17 34 2
1 1 2
——logl1 - cos x| — —log1 + cos x| + =log|1 — 2cos x| + ¢
2 6 3

[Hint. : Multiply N" and D" by sin x and put cos x = {]

—_1I 1+sinx+ 1 Iog1+x/§sinx+C
8 1-sinx 4\/5 1—\/§sinx

1 x° - x +1

_|ng—

2 X"+ x+1

tan x — v2tan x + 1 + e
tan x + v2tan x + 1

itan_1 (tanx— 1] N 1 log
J2 J2tanx ) 242

L tan_1 [QJ + C
32 32

%[—xs cos x3 + sin x3] +c

1
—[sec x tan x + loglsec x + tanx|] + ¢
2

[Hint. : Write sec®x = sec x . sec® x and take sec x as first function]

ax

%[acos(bx +¢) + bsin(bx + ¢)] + ¢
a +b

ox tan”' 3x — 1Iog |1 + 9x2| +c [Hint. : put 3x = tan 6]
3

2[x sinx + cos/x ] + ¢

[x4—1
4

J -1 X x
tan x-—+—+c
12 4
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1 2x
(viiy —€ tanx+c.

2
X
(viii) e +cC
2X
X
e
(ix) + C
1+ x

(x) ex[x_1)+c.
X +1

(xi) e tan x + c.

(xii)  xlog|log x| — + C. [Hint. : put log x = t = x = €]
log x
45. (i) 20 : (iiy -m/2
A 2 N
(iii) 4 2 [Hint. : put x*= = {] (iv) 2 2 .
T 15 25 6
—. 5-10log— + —log| — |.
V) 5 (vi) g s 5 9(5)
(i) m2. [Hint. : [ X, _sinx de}
1+cosx 1+ cosx
46 (i 8 (i) =
T —T
i) —log2. iv) —log2.
(i) g 9 iv) g
1.2
v ;T
2 -1 1 2
(vi) 95/12. Hint. : j f(x)dx = J’ f(x)dx + I f(x)dx + jf(x) ax

-2 -2 -1 1
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(vii)

(vii)

47. (i)
(iii)
48. (1)
(ii)
(iii)
(iv)
(v)
(vi)
(vii)
49. (i)

16
TEZ a a
- Hint.:Usle(x)zjf(a—x)
2ab
0 0
T
iy — —log2.
2. (if) 5
0. (iv) mw/2.

x — 4log|x]| +§Iog|x—1| +§Iog|x+ 1|+ Iog|x2 +1|—1tan_1x+ c.
4 4 2

=1+

x> + 4 X+ 4 ]
X - X x(x—1)(x+1)(x2+1)

[Hint. :

_—2|09|X—1|—;+ilog(x2+4)_—31an_15+c.
25 5(x -1 25 50 2
Hint. : 1 5 = A + B 2+C);+D
(x-12(x2+4) x-1 (x-1 x* +4
2x—1log|x+1|+ﬂloglx—3|—2—7+c_
8 8 2(x - 3)
A P L )
X + —log —tan | — |+ c.
2 X+ 2 2
/2.
1 tanf1(x2—1)_ 1 log X~ 2x + 1 N
2.2 2x 42 TP 1 on 4+

/8.

14, (ii)
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50.

51.
52.

53.

54.

55.

56.
57.
58.
59.

60.

61.

(iii)y 26. (iv)

N —

—X COS X + Sin X + C.

X+ log x + c.

’
Eloglsecx+tanx|+e

1(sin3x , )
-5 —sinx
20l 3

2-2
0

log |1 + sin x| + ¢
X—sinx+c¢

log |cos x + sin x| + ¢

(ac)’ s (b/c)
log(a/c)  log(b/c)

G 22D g, 2l

T T

- X+C

(i) 21— x +cosVx +x - x2 + ¢

1 12 1) 2
w 3ol 2)-2)

sin X — x cos x
- +c
X sin X + cos x

v) (x+atan X - Jax +c i)
a

1127 1 €8).
2

2 sin™!
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62.

63.

64.

65.

66.

(vi) O (viii)

(ix) —2-3+5 (x)
() 5 -log2 (i)
(i) glog 2. (iv)

%Iogh—cosxl+%Iog(1+cosx)—§logl1+ 2cosx|+ec.

4
2-sin®

3log|(2 - sin®)|+ e

1 1
558X+ tan x + Eloglsecx +tanx|+c.

2x

63 (2cos3x +3sin3x)+c.

Tl32

2ab

3 1
;+—2.

5

/I

tanx — x

2tan x + 1

+C
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CHAPTER 8

APPLICATIONS OF INTEGRALS

POINTS TO REMEMBER

AREA OF BOUNDED REGION

Area bounded by the curve y = f(x), the x axis and between the ordinates, x = aand x = b is
given by

Area =

b
J.f(x)dx

a

Ol
®
S5
>
o
>

Area bounded by the curve x = f(y) the y-axis and between abscissas, y = ¢ and y = dis given by

Area = ]ix dy| = 'Tf(y) dy
~ %Z v
x = f(y) &\\\C C x = f(y)
0 » X 0 » X

Area bounded by two curves y = f(x) and y = g(x) such that 0 < g(x) < f(x) for all x € [a, b] and
between the ordinate at x = a and x = b is given by
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1 y = fx)
A B
y=9(x)
» X
0 a b
b
Area =I[f(x) - g (x)]dx
a
Required Area
k b
= .|.f(x)dx +If(x)dx.
a k
Y
y=1x)
A,

LONG ANSWER TYPE QUESTION (6 MARKS)

Find the area enclsed by circlk X+ y2 = &

Find the area of region bounded by y< = 4x.

2 2

y
+— =1
b2

Find the area enclosed by the ellipse

mm| x

Find the area of region in the first quadrant enclosed by x—axis the line y = x and the circle
X + )2 = 32.

Find the area of region {(X, V) : y2 < 4x, 4x° + 4y2 < 9}

Prove that the curve y = x? and, x = )? divide the square bounded by x = 0, y =0, x = 1,
y = 1 into three equal parts.

2 2
. . X
Find smaller of the two areas enclosed between the ellipse — + y_2

a b

=1 and the line

bx + ay = ab.
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8. Find the common area bounded by the circles x* + y? = 4 and (x — 2)° + y? = 4.
9. Using integration, find the area of the region bounded by the triangle whose vertices are
(@ (=1,0), (1,3) and (3, 2) (b) (-2, 2) (0, 5) and (3, 2)
10. Using integration, find the area bounded by the lines.
i) x+2y=2, y—-x=1 and 2x+y-7=0
(i) y=4x+5, y=5-x and 4y - x=5.
11. Find the area of the region {(x, ¥) : X + Y <1 < x + y}.
12. Find the area of the region bounded by
y=|x—1land y = 1.
13. Find the area enclosed by the curve y = sin x between x = 0 and x = 3 and x-axis.
2
14. Find the area bounded by semi circle y = V25 — x® and x-axis.
15. Find area of region given by {(x, y) : X¥* < y < |x{}.
X2 2
16. Find area of smaller region bounded by ellipse — + Y _1and straight line 2x + 3y = 6.
9 4
17. Find the area of region bounded by the curve x> = 4y and line x = 4y — 2.
18. Using integration find the area of region in first quadrant enclosed by x-axis the line x = \/§y
and the circle x* + y? = 4.
19. Find smaller of two areas bounded by the curve y = |x| and x* + )? = 8.
HO.T.S.
20. Find the area lying above x-axis and included between the circle x> + y? = 8x and the parabola
y? = 4x.
21. Using integration, find the area enclosed by the curve y = cos x, y = sin x and x-axis in the
T
interval (0, E)-
6
22. Sketch the graph y = |x — 5|. Evaluate J.o |x — 5| dx.
23. Find area enclosed between the curves, y = 4x and x% = 6y.
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ANSWERS

28
1. ra® sq. units. 2. P units
3. mab sq. units 4. 4n — 8 sq. units
5. V2 £ 3 gy (1J sq. units 7. (n-2)ab sq. units
6 8 8 3
8. (8_” _ 2\/§j sg. units 9. (a) 4 sq. units (b) 2 sq. units
3
10. (a) 6 sq. unit [Hint. Coordinate of verties are (0, 1) (2, 3) (4, — 1)]
(b) 15 sq. [Hint. Coordinate of verties are (- 1, 1) (0, 5) (3, 2)]
2
T 1 . .
11. (— - —j $Q. units 12. 1 sq. units
4 2
13. 3 sq. units 14. 25 T SQ. units
2
1 3
15. 3 89 units 16. = (n — 2)sqg. units
2
9 . T .
17. — sq. units 18. — sq. unit
8 3
: 4 :
19. 271 sq. unit. 20. 5(8 + 31) sqg. units
21. (2 - v2) sq. units. 22. 13 sq. units.
23. 8 sq. units.
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CHAPTER 9

DIFFERENTIAL EQUATION

POINTS TO REMEMBER

Differential Equation : Equation containing derivatives of a dependant variable with respect to
an independent variable is called differential equation.

Order of a Differential Equation : The order of a differential equation is defined to be the order
of the highest order derivative occurring in the differential equation.

Degree of a Differential Equation : Highest power of highest order derivative involved in the
equation is called degree of differential equation where equation is a polynomial equation in
differential coefficients.

Formation of a Differential Equation : We differentiate the family of curves as many times as
the number of arbitrary constant in the given in family of curves. Now eliminate the arbitrary
constants from these equations. After elimination the equation obtained is differential equation.

Solution of Differential Equation

(i

Variable Separable Method

ay
a - f(X, y)

We separate the variables and get
fx)dx = g(y)dy

Then .[f(x)dx = '[g(y) dx + ¢ is the required solutions.

d f(x,
Homogenous Differential Equation : A differential equation of the form Y M

dx g(xy)
where f(x, y) and g(x, y) are both homogeneous functions of the same degree in x and

y i.e., of the form % =F (l) is called a homogeneous differential equation.
X X

d—y=v+xﬂ. The

For solving this type of equations we substitute y = vx and then 4 4
X X

equation into a variable separable form.
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d
(iiy Linear Differential Equation : An equation of the from A Py = Q where P and Q

ax
are constant or functions of x only is called a linear differential equation. For solution this

type of equations we find integrating factor (IF) = e

Solution is Y (I.F.) = _[Q.(I.F.)dX +c

VERY SHORT ANSWER TYPE QUESTIONS (1 MARK)

1.  Write the order and degree of the following differential equations.

2 2
i) ¥icosy=o (ii (d—yJ +3d}2’_4
ax ax ax
d'y oy | a° d
i)y —— +sinx = (—2] . vy L+ Iog(—y) = 0.
dax dax dx ax
INTE 32 5
*(v) 1+d—y_ ay (vi) |1+ 4 -k4Y
2 2
dx dx ax dx

3\ 2 \3
(vii) [d ?3/] +[d }2/] = sin x.
dax dax

2. Write the general solution of following differential equations.

(i) Y ix®_2 (i) (e¥+ e™) dy = (eX — edx
dx X
(iii) /4 - x>+ + x5 (iv) /4 =57,
ax ax
d 1- cos 2x . d 1-2
(v) e (vi) a _l1-y
dx 1+ cos2y dx 3x +1

3. Write integrating factor of the following differential equation

L dy o oo dy 2. -
(i) a_{_ycos)(_sm)( (i) dX+yS€C X = sec x + tan x
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d d

(iii) x2d—§+y=x4. (iv) xd—i+ylogx=x+y
d d

(v) xd—i—3y=x3 (vi) d—§+ytanx=secx

4. Write order of the differential equation of the family of following curves

() y=Ae*+ Bex+c (i) Ay = Bx

(i) x—a?+(y-b>=9 (iv) Ax+ By? = Bx* — Ay
x2 2
2 Y o

(v) 22

SHORT ANSWER TYPE QUESTIONS (4 MARKS)

= 2

5. (i) Show that y = e™*" s a solution of (1 _ XZ)d—}Z/ - xd—y— m2y =
ax ax

(i) Show that y = sin(sin x) is a solution of differential equation

2

d’y ady 2
—=+ (tanx)—=— + ycos x = 0.
dX2 ax
2, 2
B . . x“dy ay
(i)~ Show that y = Ax + — is a solution of 22 tX Y =0

(iv) Show that y = a cos (log x) + b sin (log x) is a solution of

2
x2dy—2+xd—y+y:0.
ax dx

(v) Find the differential equation of the family of curves y = €¥(A cos x + B sin x), where A
and B are arbitrary constants.

(vi) Find the differential equation of an ellipse with major and minor axes 2a and 2b respectively.

(vii) Form the differential equation corresponding to the family of curves y = ¢(x — ¢)2.

(vii) Form the differential equation representing the family of curves (y — b)? = 4(x — a).
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6. Solve the following diff. equations.

(i) ﬂ+ycotx = sin 2x. (i) xﬂ+2y = x° log x.
dx dx
iy XKl ccosx+ X xso.
dy x X
(iv) cos® x ¥ + cos X = sin x.
ax
7. Solve each of the following differential equations :
i y-x¥ - 2(y2 + d—). (i) cos y dx+ (1 + 2™ sin y dy = O.
ax dx

(i) xy1- y2dy + yN1 - xZdx = 0. (iv) \/(1 - X2)(1 - y2) dy + xy dx = 0.
(V) (xy2 + x) dx+ (yx* + y) dy = 0; y(0) = 1.

(vi) L4 =y sin® x cos® x + Xy e”.

ax
(vi) tan x tan y dx + sec® xsec® y dy =0
8. Solve the following differential equations :

(i) x®ydx—(+ )% dy=0. (ii) xzd—y=x2+xy+y2.

ax

iy (x®—y?)dx+2xy dy =0, y(1) =1.

(iv) (ysini]dx:(xsini—y]dy. (v) d—y=¥+tan(lj.

y y ax X X
2
(vi) /2 = % (vii) dy - 4+ X%,
dx  x"+y dx

wiy Yo 1=y

dx 1- x%
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10.

11.

12.

13.

14.

(i) Form the differential equation of the family of circles touching y-axis at (0, 0).

(i) Form the differential equation of family of parabolas having vertex at
the (i) positive y-axis (ii) positive x-axis.

(0, 0) and axis along

(i) Form differential equation of family of circles passing through origin and whose centre lie

on x-axis.
: : . dy  x+2y .
Show that the differential equation — = is homogeneous and so
ax x -2y

Show that the differential equation :

Ive it.

(X + 2xy — y) dx + ()2 + 2xy — x°) dy = 0 is homogeneous and solve it.

Solve the following differential equations :

(i) & _ 2y = cos 3x.

ax

(ii) Sinxd—y+ycosx = 2sin” x cos X f y(EJ =1
dx 2

LONG ANSWER TYPE QUESTIONS (6 MARKS)

Solve the following differential equations :

(i) O+ )y dx = Xy + xyA)dy. (i) xdy —ydx = X2+ yzdx.

o ) (o) s 2o

(iv) x2dy + y(x + y) dx = O given that y = 1 when x = 1.

y

(v) xex—y+xQ=0ify(e)=O

ax

(vi)  (x® = 3x)2) dx = ()° — 3x2y)ay.

VERY SHORT ANSWER TYPE QUESTIONS (1 MARKS)

d
(i) Write the order and degree of the differential equation d_i + tan(

d_yjzo
ax

(i) What will be the order of the differential equation, corresponding to the family of curves

y = a cos (x + b), where a is arbitrary constant.

77

XIll — Maths



(i)  What will be the order of the differential education y = a + beX* ¢ where a, b, ¢ are arbitrary
constant.

(iv) Find the integrating factor for solving the differential education % + ytan x = cos x.
X

d
(v) Find the integrating factor for solving the differential equation .

dx 1+ x?

15. (i) Form the differential equation of the family of circles in the first quadrant and touching
the coordinate axes.

y = sinx.

(i) Verify that y = Iog(x +x% + az) satisfies the differential education

2
(&% + x2)d—}2/+ xd—y = 0.
dx ax

d 2 1
(i) Show that the general solution of the differential equation A }/24-# =0 is
ax  x*+x+1
given by (x + y + 1) = A(1 — x — y — 2xy). Write A is parameter.

16. Solving the following differential equation

(i) cos’ % =tanx - y.

. a
(ii) xcosxd—i+ y(xsinx + cos x) = 1.

X

dx+97(1—ijdy = 0.

(i) (1 + e
(iv) (y—sin x) dx + tan x dy = 0, y(0) = 0.

LONG ANSWER TYPE QUESTIONS (6 MARKS EACH)

17. Solve the following differential equation

(xdy - ydx)ysin(%) = (ydx + xdy)xcos(%)

—
~—

(i) 3etan y dx + (1 — &) sec?® y dy = 0 given that y = % when x = 1.

(iii) % + ycotx = 2x + x? cot x given that y(0) = 0.
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ANSWERS

(vii)

order = 1, degree = 1

order = 4, degree = 1

order = 2, degree = 2

order = 3, degree =2
6 3

y:X—+X——2Iog|x|+c
6 6

2(y — x) + sin 2y + sin 2x = c.

esin X

e—1/X

. c
y=sinx+—,x>0
X

(ii)
(iv)

(vii)

(ii)

(iv)

order = 2,
order = 5,
order = 2,

degree = 1
degree is not defined.

degree = 2

X —X
y =loggle” +e | +c¢

sX+5¥V=¢

2 log [8x + 1] +log, [1 — 2y = ¢

etan X

(log x)*

e 2

Sec X

2 2
x(ﬂ) +xy—d‘Z=yd—y
dx dx

2 3
2d_¥+(d_y) =0
ax

2
4| -1
y:X( 0g, X )+%

16 X

y =tan x — 1 + cetan x
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(vii)

1.

cy = (x +2)(1-2y)

\/1—x2+\/1—y2 =c

%_}/2_1 =\/1—x2—\/1—y2+c
1-y +1

(x2 + 1)(y2 + 1) =2

.1
—log

1 3 1 5 x x
logy = ——cos” x + —cos” x + xe" —€e +¢C
3 5
cos 2x
log |tan y| - =c
y
_X3 -1(Yy
—5 +logly| = ¢ (i) tan (—) = loglx| + ¢
3y X
) cos(X/Y) ry4 1
X2+ )2 = 2x (ivy y =ce [Hint. : Put;
sin(%j = X (Vi) C(X2 -y ) =y
X X3
—e?’ - e +?+c (viii) siny =sin'x +c
x2—y2+2xyd—y=0 (ii) 2y=Xd—y, y=2Xd—y
ax dx dx
x2—y2+2xyd—y=0
dx

2 2 -1 X + 2y
log|x~ + xy + y | = 243 tan [ j+c
‘ ‘ \3x

3
X

C
- = _(x+y)
X" +y X

i) (6" +2)secy =c

v]
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12.()

13.()

3sin3x 2cos 3x
= — + ce

13 13

-y = xlog{c(x - y)}

(i) xy cos (lj - ¢

(v)

14.

15.

16.

17.

X

2x

y = —xlog(loglxl), x # 0

(iif)

Order = 1, Degree = not define

Order = 1

sec X

xX=y2{1+yP=Kx+yy)?

y=tan x—1+ ce

X

x+ye¥ =c¢

tan”'y

(iv)

(ii)

2 .2 1
y = —sin” X + —CosecC x

3 3
x> =y +x° +y°

3x2y =y +2x
c(x2 + y2) = \/XZ - y2.

(iii) Order = 2

(V) etan“ X

sin x Ccos X
+c
X X

2y = sin x

(1-e3tany=(1-¢)°

81

XIll — Maths



CHAPTER 10

VECTORS

POINTS TO REMEMBER

A quantity that has magnitude as well as direction is called a vector. It is denoted by a directed
line segment.

Two or more vectors which are parallel to same line are called collinear vectors.
Position vector of a point P(a, b, ¢) w.r.t. origin (0, 0, 0) is denoted by OP, where
= A A A — [ 2 2 2
OP =ai+bj+ck and|OP| =va +b +c .
A

If A(x,, ¥y, 2,) and B(x,, ¥, Z,) be any two points in space, then AB = (x, — x)i

+ (y2 - y1)/}+ (22 —21);% and |TB| = \/(X2 — X1)2 + (y2 — y1)2 + (22 — 21)2_

- -
If two vectors a and b are represented in magnitude and direction by the two sides of a

triangle taken in order, then their sum a + b is represented in magnitude and direction by third
side of triangle taken in opposite order. This is called triangle law of addition of vectors.

- . > : I 2l = 3]
If g is any vector and A is a scalar, then ) g is a vector collinear with a and A a a

e - - —
If a and b are two collinear vectors, then a = A b where A\ is some scalar.

A A e d
a, where a is a unit vector in the direction of a .

- ] - ‘a
Any vector a can be written as a = |a

If Z and E be the position vectors of points A and B and C is any point which divides AB

in ratio m : n internally then position vector C of point C is given as C = %. If C divides
AB in m: n internally, then C = %.

The angles o, B and y made by r = ai + b]' + ck with positive direction of x, y and z-axis are
called direction angles and cosines of these angles are called direction cosines of r usually
denoted as / = cos a, m = cos B, n = cos 7.

AIsoI:i,m:E n=2=< and P+ m? + i = 1.

|| Ir|’ ||
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The numbers a, b, ¢ proportional to I, m, n are called direction ratios.

Scalar product of two vectors a and b is directed as a.b and is defined as a.b = |al|b|cos 6,
where 6 is the angle between a and b (0 < 6 < n).

Dot product of two vectors is commutative i.e. a-b=and b a

a-b=0oa=o0b=o0oradlb.
- - -2 A A PN PUEEN
a-a:|a|,sorl=j-j=k-k=1.

If a = ay+ayj+azkandb = byl +byj+bgk, then a-b = a,a, + bb, + c,c,

(7.5)
5]

~

and projection vector of aalong b = .

— — la.»p
Projection of aon b = ‘W
Cross product/vector product of two vectors aand b is devoted as a x b and is defined as

ax b = |a|b|sin®n. were 6 is the angle between a and b (0 <6 < =) and n is a unit vector
perpendicular to both a and b such that a, b and n form a right handed system.

Cross product of two vectors is not commutativeis axb = bxa, but axb =-(bxa).

i J k
b1 b2 b3

+

Unit vector perpendicular to both a and b = _[%}.
axhbab

|? X F| is the area of parallelogram whose adjacent sides are ‘a and b.

1, - —— . .
E| a x b | is the area of parallelogram where diagonals are a and b.
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10.

11.

12.

13.

14.

15.

16.

17.

If a b and ¢ forms a triangle, then area of the triangle

1T — 1= —
—|b><c|=—|c><a|-
2 2

VERY SHORT ANSWER TYPE QUESTIONS (1 MARK)

What is the horizontal and vertical components of a vector g of magnitude 5 making an angle
of 150° with the direction of x-axis.

What is a € R such that [a x| = 1, where x = i — 2] + 2k ?

Write when | x" + y'| = [ x| +|y].

What is the area of a parallelogram whose sides are given by 2j — ] and i + 5k ?

What is the angle between a and b, If a - b =3and|a x b|= 3.3.

T T
Write a unit vector which makes an angle of 2 with x-axis and 3 with z-axis and an acute

angle with y-axis.

If A is the point (4, 5) and vector AB has components 2 and 6 along x-axis and y-axis
respectively then write point B.

What is the point of trisection of PQ nearer to P if position of P and Q are 3i + 3]’ - 4k and
9i + 8 — 10k.

What is the vector in the direction of 2i + 3]’ + 2\/§R, whose magnitude is 10 units?

What are the direction cosines of a vector equiangular with co-ordinate axes?
What is the angles which 3i - 6]‘ + 2k makes with x-axis?

Write a unit vector perpendicular to both the vectors 3i — 2]’ +k and — 2/ + ] — 2k.
What is the projection of the vector i- ] on the vector i + ]’?

If |a]=2|b] =23 and @ L b, what is the value of | a + b|?

For what value of A, @ = Ai + ] + 4k is perpendicular to b = 2i + 6]’ + 3k ?

What is |a|,if(a + b).(a - b) =3 and 2|b]| =|a]?

What is the angle between a and b ,if |a — b|=|a + b]|?
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18.

19.

20.

21.

22.

23.

24.

25.

26.

In a parallelogram ABCD, AB = 2j - ] + 4k and AC =i + ] + 4k. What is the length of side
BC?

What is the area of a parallelogram whose diagonals are given by vectors 2i + ] - 2k and
i+ 2k?

Find | x| if for a unit vector a(x -a).(x +a) =12

If @ and b are two unit vectors and a + b is also a unit vector then what is the angle
between a and b?

If 7, ] k are the usual three mutually perpendicular unit vectors then what is the value of
. (] X I?)+ ]’.(fx k) + E(] xf)?
What is the angle between x and y if x .y =|x x y|?

Write a unit vector in xy-plane, making an angle of 30° with the +ve direction of x—axis.

If a, b and ¢ are unit vectors with a + b + ¢ = 0, then what is the value of
+

a.b+b.c+c.a?

If a and b are unit vectors such that (? + 2?) is perpendicular to (5? - 4?), then

what is the angle between a and b ?

SHORT ANSWER TYPE QUESTIONS (4 MARKS)

If ABCDEF is a regular hexagon then using triangle law of addition prove that :

AB + AC + AD + AE + AF =3 AD =6 A0
O being the centre of hexagon.

Points L, M, N divides the sides BC, CA, AB of a AABC in the ratios 1 : 4, 3 : 2, 3 : 7 respectively.
Prove that AL + BM + CN is a vector parallel to CK where K divides AB in ratio 1 : 3.

The scalar product of vector j + j + k with a unit vector along the sum of the vectors

2i + 4] — 5k and Ai + 2j + 3k is equal to 1. Find the value of A.

a, b and ¢ are three mutually perpendicular vectors of equal magnitude. Show that

@ + b + ¢ makes equal angles with a, b and ¢ with each angle as cos ' [ij

B

If o =3i—jand B =2+ )+ 3k then express B intheformof B = B, + B, where
B, is parallel to o and B, is perpendicular to o .
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

If a, b, ¢ are three vectors such that @ + b + ¢ = 0 then prove that @ x b =

bxc=cxa.

If |?| =3, |F| =5, |7| =7and a + b + ¢ = 0, find the angle between & and b.
let @ =i—-j, b =3 —kand ¢ =7i —k, find a vector d which is perpendicular to
a and b and ¢ .d =1

fa =i+j+k c = ] — k are the given vectors then find a vector b satisfying the equation

Find a unit vector perpendicular to plane ABC. Position vectors of A, B, C are 3j — ] + 2k,
i—j-3kand 4i — 3] + k respectively.
For any two vector, show that |? + 7| < |?| + |?|
2 M2 2
Evaluate (a xi) +(a ><j) +(a xk) :

If 2 and b are unit vector inclined at an angle 6 than prove that :
. .0 1.~ =«
(|) S|n§=§|a_b|.

(i) tan g =

ab
a+b

For any two vectors, show that |? X ?| = \/32b2 - (? - 7)2-

a =i+j+k b =i-j+2jand ¢ =xi+(x-2)—j—k.If ¢ lies in the plane of
a and b, then find the value of x.

Prove that angle between any two diagonals of a cube is cos - (%j

Let a, b and ¢ are unit vectors such that 2, b = a- ¢ = 0 and the angle between b and ¢

T ~ A~ ~
is & then prove that a = +2(b x ¢).

Prove that the normal vector to the plane containing three points with position vectors

‘a, b and ¢ lies in the direction of vector b x ¢ + ¢ x a + a x b.

If a, b, ¢ are position vectors of the vertices A, B, C of a triangle ABC then show that the

areaofAABCis%3x7+FX?+?X3.
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20. fax b =cxdand axc =0b x d,that a — d isparallelto b — ¢ provided
a=d and b = c.
21. Dot product of a vector with vectors i+ ] — 3k, i+ 3]’ — 2k and 2j + ] +4k 0, 5 and 8
respectively. Find the vectors.
22. ¥ a =5i—-i+7k b=1i-]—-)\k find A suchthat 2 + b and a — b are orthogonal.
24. Let a and b be vectors such that |a|=|b|=|a - b| =1 thenfind |a + b]|.
25. If [a|=2|b|=5and @ x b =2i+i-2k find the value of a - b.
26. a, b, c are three vectors such that b x ¢ = a and a x b = c¢. Prove that
‘a, b and c¢ are mutually perpendicular to each other and |F| =1, |?| = |?|
ANSWERS
(1 MARK QUESTIONS)
, 865 o asl
2 2 3
3. x and y are perpendicular to each other.
T
4. 126 sq units. 5 3
12 1~ 12
6. —i+—=j+—= 7 6, 11
\/51 t5i+3 k ( )
10 ~ 15~ 53~
8. (5,?,—6) 9. 5I+?j+7k.
1 1 1 - (3)
10, +—,+ —, =+ —. 11. cos = .
V3 V3T 3 7
12. Y-k 13. 0
J26
14. 4 15. -9
16. 2 17. =
: -5
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3 .
— 8Q. units.

18. 5 19. 3
2
20. 13 21.
22, —1 23. =
. - - 4
J3a o 1a 3
24. 7/4‘5] 25. _E
26 z—ﬁ
) 3
(4 MARKS QUESTIONS)
— (3+ 1 1~ 3~ _=A
3. 7\,—1 5 = —_ - — + | — — —
P (2’ 2’) (2“’ J Skj
o 1’) 1", 3"
7. 60 8. ZI+ZI+ZK
5~ 2~ 2~ - A A ~
9. — —j+ = 10. —=1 7j — 4k )-
3I+3j+3k ﬁ5(0/+ Ji )
2
11. 2|a| 15. x=-2
21. i+2j+k 22. 473
91
24. 3 25. 15
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CHAPTER 11

THREE DIMENSIONAL GEOMETRY

POINTS TO REMEMBER

Distance between points P(x,, y,, z,) and Q(x,, ¥,, z,) is

PGl = \(xa - x1)2 + (v~ y1)? + (25 - 20)%.

The coordinates of point A which divides line segment PQ where P(x,, y,, z,) and

MX, +NXy My, +ny, mz,+ nz1j

X,, Vo, Z,) in the ratio m : n internall are( ) )
QX, Vpr 2,) y m+n m+n m+n

The co-ordirates of a point which divides join of (x,, y,, z;) and (x,, y,, Z,) in the ratio

’

mx, —Nx, my, —ny, mz, - nz1).
m-n ' m-n m-n

of m: n externally are (

Direction ratios of a line through (x,, y;, z;) and (x,, ¥,, z,) are X, — X;, Yo — V4, Z, — Z;.

Direction cosines of a line whose direction ratios are a, b, ¢ are given by

| =%

a ,m=+ b ,n=+ ¢ )
\/32+b2+c2 \/a2+b2+02 \/a2+b2+c2
Vector equation of a line through point ‘a and parallel tovector b is r = a + A b.

Cartesian equation of a line through point (x,, y,, z,) and having direction ratios proportional

— Xy _ YY1 _ 2= 24

X
toa b, cis
] J b C

Vector equation of line through two points a and b is r = a +A(b - a).

Cartesian equation of a line through two points (x,, y,, z,) and (x,, y,, Zz,) is

X=Xy _Y=-V1 _ Z2-24

Xo =Xy Yo—=VY1 Z2—-2Z4
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by b,

Angle ‘0’ between lines r = a; + A by and r = a, + y b, and given by €050 = |T||T|
1 2

. XXy _Y+Vy1_Z2-24 X-Xo _Y*tYs _Z2-25 . .
Angle 6 between lines a, b, ¢ and a, b, c, is given

asa, + b, +cqcoH

as cos 9 .
2 2 2 [ 2 2 2
\/a1 + b; +c1\/a2 + b, +¢5

I
©

Two lines are perpendicular to each other b—1 . E =0 aa, + bb, + c,c, =
Equation of plane :

(i) At a distance of p unit from origin and perpendicular to n is r - n = p and corres-
ponding cartesian from is Ix + my + nz = p when [, m and n are d.c.s of normal to plane.

(i) Passing through ‘a and normal to N s 7(7 - E).W = 0 and corresponding
cartesian from is a(x — x;) + b (y — y,) + ¢(z - z,) = 0 where a, b, ¢ are d.r’s of normal
to plane and (x,, y,, z,) lies on the plane.

(iii)  Passing through three non collinear points is
X=Xy Y-Y1 Z-2Zy
(T-?)[(F-?)X(?—?)]=OOF X2_X1 y2—y1 22—2120
Xz = X4 Y3 —V1 23~ 24

(iv) Having intercepts a, b and ¢ on co-ordinate axis is =1.

D | X

+

o<

+

ON

(v) Planes passing through the line of intersection of planes r - 71 = d; and T n—z =d,
is (1~ ny—dy)+2(r - ny-dy) =0

() Angle ‘6’ between planes r - n;=dyand r - n, =d, is given by

Ccos 0 = EE .
| ”1|| ”2|
(i) Angle 6 between a,x + b,y + ¢,z = d, and a,x + b,y + ¢,z = d, is given by

asa, + bbb, + cqC»,

cos 0 = .
2 2 2 [ 2 2 2
\/31 + b; +c1\/a2 + b, +C5

(i) Two planes are perpendicular to each other iff n, . n, = 0 ora,a, + b,b, + ¢,c, = 0.

. y ——  —— a b c
(iv) Two planes are parallel iff n, = n, or ik I .
a, by, ¢y
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12, ()

(iif)

'a - n - d|
[

Distance of a point (x,, y,, z,) from plane an + by + cz = dis

Distance of a point from plane r - n = d is

lax + by + cz - d
?|

|a2+b2+c

Two lines r = a,+Ab,and r = a, +ub, are coplanar. Iff (‘a, - a;)-

(Ex bz)zo and equation of plane. Containing these lines s
(7~ &) (Byx B5) = 0

X -x - z-z X - X - z-z
Two lines NS A A 1 and 2 _ Y- Vo _ 2 are coplanar
a, b, Cq a, b, Co

X2 =Xy Y2 = V1 22~ 24

Iff a, b, Cq = 0 and equation of plane containing them is
ap b Co
X=Xy Y—-VYy Z-2Z4
a, b, ci |=0
ap b Co
The angle 6 between line r = g +A b and plane r . n = d is given as
sing = 21
(61 n]
X=Xy Yo Y1_Z -2y
The angle 6 between line a, b, ¢ and plane a,x + b,y + ¢, z=d

aa, + bbb, + c4c5,

\/2 b2 2\/2 b2 2
a; +by +cyya, + b, +c5,

is given as sin® =

A line is parallel to plane < b - n = 0 or a,a, + b;b, + ¢,c, = 0.

VERY SHORT ANSWER TYPE QUESTIONS (1 MARK)

1. What is the distance of point (a, b, ¢) from x-axis?

2. What is the angle between the lines 2x = 3y =—-zand 6x = - y = — 427

y-2 Zz+1

3. Write the equation of a line passing through (2, -3, 5) and parallel to line X1 = =

3 4 1

4. In what ratio, the xy plane divides the line segment joining the points (-1, 3, 4) and (2, -5, 6)?

5. Write the equation of a line through (1, 2, 3) and perpendicular to r - (7 - ] +3 /}) = 5.
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10.

11.
12.
13.
14.
15.

16.
17.

18.

19.

20.

21.

22.

23.

24.

. . _ x-1 y-3 z-1 x-2 _ y+1_ =z
What is the value of A for which the lines 5 =5 ~ 71 and 3 =5 =5 are

perpendicular to each other.
If a line makes angle a, B, and y with co-ordinate axes, then what is the value of
sin o + sin® B + sin?y ?
Write line r* = (j - j) + A (2] - k) into cartesian form.
If the direction ratios of a line are 1, -2, 2 then what are the direction cosines of the line?

The foot of perpendicular from (1, 6, 3) on the line ? = yT_1 = 23_ 1 is (1, 3, q); what is the

value of q.

Write equation of a line passing through (0, 1, 2) and equally inclined to co-ordinate axes.
What is the perpendicular distance of plane 2x — y + 3z = 10 from origin?

What is the y-intercept of the plane x — 5y + 7z = 10?

What is the distance between the planes 2x + 2y —z+ 2 =0and 4x + 4y -2z + 5 = 0.

What is the equation of the plane which cuts off equal intercepts of unit length on the coordinate
axes.

Are the planes x + y — 2z + 4 = 0 and 3x + 3y — 6z + 5 = 0 intersecting?

What is the equation of the plane through the point (1, 4, — 2) and parallel to the plane
-2x+y—-3z=77

Write the vector equation of the plane which is at a distance of 8 units from the origin and is

normal to the vector (27 + ] + 2IA().

What is equation of the plane if the foot of perpendicular from origin to this plane is (2, 3, 4)?
Find the angles between the planes r - (j — 2j — 2k) = 1and r - (3j - 6] + 2k) = 0.

x+1 2y-1 2-
3 4 —4

What is the angle between the line z and the plane 2x + y — 2z +

4 =07

If O is origin OP = 3 with direction ratios proportional to —1, 2, — 2 then what are the coordinates
of P?

What is the distance between the line r = 2i — 2j + 3k + x(i ++ 412) from the plane

r.(—f+5]—R)+5=O.

Write the line 2x = 3y = 4z in vector form.
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10.

11.

12.

13.

14.

SHORT ANSWER TYPE QUESTION (4 MARKS)

The line X ; = 5 = _22 lines exactly in the plane 2x — 4y + z = 7. Find the value of
k.

Find the equation of a plane containing the points (0, -1, —1), (-4, 4, 4) and (4, 5, 1). Also show
that (3, 9, 4) line on that plane.

Find the equation of the plane which is perpendicular to the plane r - (57 +3j +6k)+8=0
and which is containing the line of intersection of the planes T (} + 2]’ + 3R) =4 and

r(2i+j-k)+5=0.

A l,, m, n, and I,, m,, n, are direction casines of two mutually perpendicular lines, show that
the direction cosines of line perpendicular to both of them are

mn, — nym,, n, — Ln,, L,m, — ml,.
Find vector and cartesian equation of a line passing through a point with position vectors
2i + j + k and which is parallel to the line joining the points with position vectors —i + 4] + k
and i+ 2] + 2k.
Find the equation of the plane passing through the point (3, 4, 2) and (7, 0, 6) and is perpendicular
to the plane 2x — 5y = 15.

Find equation of plane through line of intersection of planes T (2? + 6]) +12 = 0 and

r - (3i — j + 4k) = 0 which is at a unit distance from origin.
Find the image of the point (3, —2, 1) in the plane 3x — y + 4z = 2.

Find the equation of a line passing through (2, 0, 5) and which is parallel to line 6x — 2 = 3y
+1=2z-2.

Find image (Reflection) of the point (7, 4, — 3) in the line x_y-1_
1 2 3

Find equations of a plane passing through the points (2, —1, 0) and (3, —4, 5) and parallel to

the line 2x = 3y = 4z

Find distance of the point (- 1, — 5, — 10) from the point of intersection of line

x-2 y+1 z-
3 4 12

Find equation of the plane passing through the point (2, 3, — 4) and (1, —1, 3) and parallel to the
X—axis.

2 and the plane x— y + z= 5.

Find the distance of the point (1, —2, 3) from the plane x — y + z = 5, measured parallel to the

Iine£=1=i.
2 3 -6
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15.

16.

17.

18.

19.

20.

21.

22.

23.

Find the equation of the plane passing through the intersection of two plane 3 — 4y + 5z = 10,
2x + 2y — 3z = 4 and parallel to the line x = 2y = 3z

Show that the lines x=ay + b, z=cy+ dand x=a’y + b, z=c’y + d are perpendicular if
aa +cc +1=0.

Find the equations of the planes parallel to the plane x — 2y + 2z — 3 = 0 whose perpendicular
distance from the point (1, 2, 3) is 1 unit.

x+1 y+3 z+5 x-2 y-4 z-6.
3 -5 - 7 and T =3 3 intersect each other.

Find the point of intersection.

Show that the lines

Find the shortest distance between the lines r =1+ 2j+ 3k + A (2] + 3j + 4k) and
= (2 + 4] + 5k) + M (37 + 4] + 5k).

x+2 2y+3 3z+4

3 7 5 measured

Find the distance of the point (-2, 3, —4) from the line
parallel to the plane 4x + 12y — 3z + 1 = 0.
Find the equation of plane passing through the point (-1, —1, 2) and perpendicular to each of

the plane r - (2 + 3] — 3k) =2 and r - (5] — 4] + k) = 6.

X z
Find the equation of a plane passing through (-1, 3, 2) and parallel to each of the line 17 % =3
x+2 y-1_ z+1

-3 2 5

and
Show that the plane r - (i - 3] + 5k) = 7 contains the line o= (7 +3]+3k)+r(30+])

LONG ANSWER TYPE QUESTIONS (6 MARKS)
Check the coplanarity of lines
T = (-8 + ] + 5k) + (=30 + ] + 5k)
T = (-i+ 2] +5k)+ p(-i + 2] + 5k)
If they are coplanar, find equation of the plane containing the lines.

Find shortest distance between the lines :

x-8 y+19 z-10
3 -16 7 3 8 -5

Find shortest distance between the lines :

T=(1-0i+-2)]+(3-20)k
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To=(u+1)i+(2u-1)j+(2u+ 1k

4. A variable plane is at a constant distance 3p from the origin and meet the coordinate axes in A,
B, C. Show that the locus of centroid of AABC is x2 + y2 + z2 = p2,

5. Avector n of magnitude 8 units inclined to x—axis at 45°, y axis at 60° and an acute angle with
z-axis. If a plane passes through a point (\/5,—1,1) and is normal to n , find its equation in
vector form.

6. Find the foot of perpendicular from the point 2i — ] + 5k on the line r = (11? - 2]’ - 8/?)
+ A (10? - 4]’ - 1112). Also find the length of the perpendicular.

7. A line makes angles o, B, A, & with a four diagonals of a cube. Prove that

2 2 2 2 4
cos” o+ Ccos” B+ cos” y + cos 6:5.

8. Find the equations of the two lines through the origin such that each line is intersecting the line

X8V 22 oan ange of
5 = 7 =~ 7 atanangleof 5.

9. Find the equation of the plane passing through the intersection of planes 2x + 3y — z= -1 and
X+ y— 2z + 3 = 0 and perpendicular to the plane 3x — y — 2z = 4. Also find the inclination of
this plane with xy-plane.

ANSWERS
(1 MARK QUESTIONS)
1. p? 4+ o2 2. 90°
g X-2_y+38_2z-5 4. 2:3 extemal
. 3 T4 T 1 . : 3 externally
5. 7=(f+2]'+3l?)+7»(7—]’+3!?) 6. A=2
x-1 y+1 =z
7. 2 8. 0o - 2 T3
1 2 2
t—, =, — _

9. /3 /3 /3 10. q=5
x y-1 z-2 10
Z = = R — -

11. 2 2 2 ' 2°€ {o} 12. e
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13.

15.

17.

19.

21.

23.

10.

12.
14.

17.

20.

22.

-2 14.

X+y+z=1 16.

—2X+y—-3z=18 18.

2x + 3y + 4z =29 20.

0 (line is parallel to plane) 22.
5

NG 24,

1
6
No

ro(2i+]+2k) =24

o (3)
-1, 2, -2)

r =o +l(6f+2]‘+3/?)

SHORT ANSWER TYPE QUESTION (4 MARKS)

k=7 2.

r - (-51i = 15] + 50k) = 173

Bx -7y + 11z+ 4 = 0.

x-2 y+1 z-1

r=(2i—j+k)+a(2i -2j+k) and

X—-2y+3z=1

©, -1, -3) 9.
(47, 18 49) »

7’ 77 ’
13 13.
1 15.

X—2y+2z=00rx—2y+2z=6 19.

17

5 21.

2x—-7y+4z+15=0

—2 1

r-(8i+4j+8k)+12=00r r - (-4 +8j-8k)+12=0

29x — 27y — 22z = 85

7y + 4z =5
X —20y + 27z =14

&=

(97 +17] + 23k) = 20
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LONG ANSWER TYPE QUESTIONS (6 MARKS)

16

x—-2y+z=0 2. —

—8 - % ~ ~

J29 5 7. (N2i+j+k)=2

A I D X zZ X z
i+ 2] + 3k, 14 8. ngzjjzlz__z

7x + 13y + 4z = 9, sin

(=)
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CHAPTER 12

LINEAR PROGRAMMING

POINTS TO REMEMBER

Linear programming is the process used to obtain minimum or maximum value of the linear
objective function under known linear constraints.

Objective Functions : Linear function z = ax + by where a and b are constants, which has to
be maximized or minimized is called a linear objective function.

Constraints : The linear inequalities or inequations or restrictions on the variables of a linear
programming problem.

Feasible Region : It is defined as a set of points which satisfy all the constraints including non-
negative constraints x > 0, y > 0.

To Find Feasible Region : Draw the graph of all the linear inequations and shade common
region determined by all the constraints.

Feasible Solutions : Points within and on the boundary of the feasible region represents
feasible solutions of the constraints.

Optimal Feasible Solution : Feasible solution which optimizes the objective function is called
optimal feasible solution.

LONG ANSWER TYPE QUESTIONS (6 MARKS)

Solve the following L.P.P. graphically

Minimise and maximise z=3x+ 9y
Subject to the constraints X+ 3y <60
X+y=>10
x<y
x20,y2>20
Determine graphically the minimum value of the objective function z = — 50x + 20 y
Subject to the constraints 2x—-y>-5
3x+y=3

98 Xl — Maths



10.

2x -3y <12
x=20,y2>20

Two tailors A and B earn Rs. 150 and Rs. 200 per day respectively. A can stitch 6 shirts and
4 pants per day, while B can stich 10 shirts and 4 pants per day. Formulate the above L.P.P.
mathematically and hence solve it to minimise the labour cost to produce at least 60 shirts and
32 pants.

There are two types of fertilisers A and B. A consists of 10% nitrogen and 6% phosphoric acid
and B consists of 5% nitrogen and 10% phosphoric acid. After testing the soil conditions, a
farmer finds that he needs at least 14 kg of nitrogen and 14 kg of phosphoric acid for his crop.
If A costs Rs. 61 kg and B costs Rs. 51 kg, determine how much of each type of fertiliser should
be used so that nutrient requirements are met at minimum cost. What is the minimum cost.

A man has Rs. 1500 to purchase two types of shares of two different companies S, and S,.
Market price of one share of S, is Rs 180 and S, is Rs. 120. He wishes to purchase a maximum
to ten shares only. If one share of type S, gives a yield of Rs. 11 and of type S, Rs. 8 then
how much shares of each type must be purchased to get maximum profit? And what will be the
maximum profit?

A company manufacture two types of lamps say A and B. Both lamps go through a cutter and
then a finisher. Lamp A requires 2 hours of the cutter’'s time and 1 hours of the finisher's time.
Lamp B requires 1 hour of cutter's and 2 hours of finisher’s time. The cutter has 100 hours and
finishers has 80 hours of time available each month. Profit on one lamp A is Rs. 7.00 and on
one lamp B is Rs. 13.00. Assuming that he can sell all that he produces, how many of each type
of lamps should be manufactured to obtain maximum profit?

A dealer wishes to purchase a number of fans and sewing machines. He has only Rs. 5760 to
invest and has space for almost 20 items. A fan and sewing machine cost Rs. 360 and Rs. 240
respectively. He can sell a fan at a profit of Rs. 22 and sewing machine at a profit of Rs. 18.
Assuming that he can sell whatever he buys, how should he invest his money to maximise his
profit?

If a young man rides his motorcycle at 25 km/h, he has to spend Rs. 2 per km on petrol. If he
rides at a faster speed of 40 km/h, the petrol cost increases to Rs. 5 per km. He has Rs. 100
to spend on petrol and wishes to find the maximum distance he can travel within one hour.
Express this as L.P.P. and then solve it graphically.

A producer has 20 and 10 units of labour and capital respectively which he can use to produce
two kinds of goods X and Y. To produce one unit of X, 2 units of capital and 1 unit of labour
is required. To produce one unit of Y, 3 units of labour and one unit of capital is required. If X
and Y are priced at Rs. 80 and Rs. 100 per unit respectively, how should the producer use his
resources to maximise the total revenue?

A factory owner purchases two types of machines A and B for his factory. The requirements and
limitations for the machines are as follows :

Machine Area Occupied Labour Force Daily Output (In units)
A 1000 m? 12 men 60
B 1200 m? 8 men 40
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11.

12.

13.

14.

15.

He has maximum area of 9000 n? available and 72 skilled labourers who can operate both the
machines. How many machines of each type should he buy to maximise the daily output.

A manufacturer makes two types of cups A and B. There machines are required to manufacture
the cups and the time in minute required by each in as given below :

Types of Cup Machine
1 n m
A 12 18 6
B 6 0 9

Each machine is available for a maximum period of 6 hours per day. If the profit on each cup
A is 75 paise and on B is 50 paise, find how many cups of each type should be manufactured
to maximise the profit per day.

A company produces two types of belts A and B. Profits on these belts are Rs. 2 and Rs. 1.50
per belt respectively. A belt of type A requires twice as much time as belt of type B. The
company can produce almost 1000 belts of type B per day. Material for 800 belts per day is
available. Almost 400 buckles for belts of type A and 700 for type B are available per day. How
much belts of each type should the company produce so as to maximize the profit?

To Godowns X and Y have a grain storage capacity of 100 quintals and 50 quintals respectively.
Their supply goes to three ration shop A, B and C whose requirements are 60, 50 and 40
quintals respectively. The cost of transportation per quintals from the godowns to the shops are
given in following table :

To Cost of transportation (in Rs. per quintal
From X Y
A 6.00 4.00
B 3.00 2.00
C 2.50 3.00

How should the supplies be transported to minimize the transportation cost?

An Aeroplane can carry a maximum of 200 passengers. A profit of Rs. 400 in made on each
first class ticket and a profit of Rs. 300 is made on each second class ticket. The airline reserves
at least 20 seats for first class. However atleast four times as many passengers prefer to travel
by second class than by first class. Determine, how many tickets of each type must be sold to
maximize profit for the airline.

A diet for a sick person must contain atleast 4000 units of vitamins, 50 units of minerals and
1400 units of calories. Two foods A and B are available at a cost of Rs. 5 and Rs. 4 per unit
respectively. One unit of food A contains 200 unit of vitamins, 1 unit of minerals and 40 units
of calories whereas one unit of food B contains 100 units of vitamins, 2 units of minerals and
40 units of calories. Find what combination of the food A and B should be used to have least
cost but it must satisfy the requirements of the sick person.
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ANSWERS

— e b
@w o

14.
15.

© © ® N o o &~ 0 D

Min z=60 at x=5, y = 5.

Max z = 180 at the two corner points (0, 20) and (15, 15).

No minimum value.

Minimum cost = Rs. 1350 at 5 days of A and 3 days of B.

100 kg. of fertiliser A and 80 kg of festiliser B; minimum cost Rs. 1000.
Maximum Profit = Rs. 95 with 5 shares of each type.

Lamps of type A = 40, Lamps of type B = 20.

Fan : 8; Sewing machine : 12, Max. Profit = Rs. 392.

At 25 km/h he should travel 50/3 km, At 40 km/h, 40/3 km. Max. distance 30 km in 1 hr.

X : 2 units; Y : 6 units; Maximum revenue Rs. 760.

Type A: 6; Type B: 0
Cup A:15; Cup B: 30

Maximum profit Rs. 1300, No. of belts type A = 200 No. of bells type B = 600.
From X to A, B and C 10 quintals, 50 quintals and 40 quintals respectively.
From Y to A, B, C 50 quintals, NIL and NIL respectively.

No. of first class tickets = 40, No. of 2nd class tickets = 160.

Food A : 5 units, Food B : 30 units.
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CHAPTER 13

PROBABILITY

POINTS TO REMEMBER

e Baye’s Theorem

P (Ei) P(A]
plE . ’
A A
P(E).P| —
Y piE)-r( ]
i=1
Where E,, E, ..ccooveieinn , E, are events which constitute partitions of sample space S. i.e. E;,
Ep o , E,, are pairwise disjoint and E; U E, U ocveeieineee. U E, =Stoandlet A

be any event with non zero probability.

e Probability Distribution : Probability distribution of a random variable x is the system of numbers.

X I Xy X eeereeeeensinsienons. X,
P(X) @ Py Py e P,
n
where p; >0and Y p; =t1andi =12 .o, . n.

i=1

® Mean : The mean of x denoted by u in given by u = 2 X;p;
i=1
The mean of a random variable x is also called the expectation of X and is denoted by E(X) mean
of x == EX).

® Variance : Variance of X denoted by var(X) or 6,2 is defined by

62 =Var(X) = 3 (x; - b)* (xi)
i=1
6,2 = E(x — pn)?
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c, = standard deviation of the random variable X.
var(X) = E(X?) - [E(X)P.
For Binomial distribution.
n n-r _r
Bin,p;P(x=n= C,q p,r=0,1,2, ccccourn..... n where g =1 - p.
e Conditional Probability
1. The conditional probability of an event E, given the occurrence of the event F is given by

P(EJ:M,P(F):&O.
F P (F)

0<P(EIF)<1
P(En F)=P(E).P(FE),P(E =0
P(EnF) =P(F).P(EF, P(F)=0

2

3

4

5. P(E/F)=1-P(EF)
6. P[E v F/G) =P (E/G) + P(F/G) — P ((E n F)/G)

7. If E and F are independent events then P (E n F) = P (E) . P(F).
8. P(E/F)=P(E), P(F),#0

9. P(FE)=P(F), P(E)y=0

e Theorem of Total Probability : Let [E, E,, ............. E.] be a partition of a sample space and
suppose that each of E;, E,,................. E_ has non zero probability.

Let A be any event associated with S then

P(A) = P (E,) . P(AE,) + P(E,) . P (AIE)) ............. + P(E,) P (AIE,)

VERY SHORT ANSWER TYPE QUESTIONS (1 MARK)

1. Find P (A/B) if P(A) = 0.4, P(B) = 0.8 and P(B/A) = 0.6
2. Find P(An B) if A and B are two events such that P(A) = 0.5, P(B) = 0.6 and P(A U B) = 0.8

3. A policeman fires three bullets on a dacoit. The probability that the dacoit will be killed by one
bullet is 0.7. What is the probability that the dacoit is still alive.

4. What is the probability that a leap year has 53 Sundays?

5. 20 cards are numbered 1 to 20. One card is them drawn at random. What is the probability that
the number on the card will be a multiple of 47?

6. Three coins are tossed once. Find the probability of getting at least one head.
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1
7. The probability that a student is not a swimmer is 5 Find the probability that out of 5 students,

4 are swimmers.
8. Find P(AB), if P(B) = 0.5 and P(A n B) = 0.32

9. A random variable x has the following probability distribution.

% 0 1 2 3 4 5
, 1 ; 15k — 2 ; 15k — 1 1
) 15 15 15 15

write the value of k.

10. A random variable X, taking values 0, 1, 2 has the following probability distribution for some

number k.
k ifX=0
P(X) =<2k if X=1 find k.
3k ifX=2
ANSWERS
VERY SHORT ANSWER TYPE QUESTIONS
3
1. 0.3 2 10
3. (0.3)3 4 %
1 7
5 3 6. 3
4\ 16
7. (gj 8. 55
1 1
9. k= 5 10. k = 5

SHORT ANSWER TYPE QUESTIONS (4 MARKS)

11 1
1. A problem is Mathematics is given to 3 students whose chances of solving it are 53 and

What is the probability that the problem is solved.

2. A die is rolled. If the outcome is an even number. What is the probability that it is a prime?
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10.

11.

12.

13.

14.

15.

1

1
If A and B are two events such that P (A) = R P(B)=—-and P(ANnB) = g - Find P (not

N =

A and not B).

In a class of 25 students with roll numbers 1 to 25. A student is picked up at random to answer
a question. Find the probability that the roll number of the selected student is either a multiple
of 5 or 7.

A car hit a target 4 times in 5 shots B three times in 4 shots, C twice in 3 shots. They fire a
volley. What is the probability that two shots at least hit.

Two dice are thrown once. Find the probability of getting an even number on the first die or a
total of 8.

A and B throw a die alternatively till one of them throws a ‘6’ and win the game. Find their
respective probabilities of winning if A starts first.

1

If A and B are events such that P(A) = =, P(AuU B) = g and P(B) = p find p if

N

(i) they are mutually exclusive,

—

i) they are independent events .

A drunkard man takes a step forward with probability 0.4 and backward with probability 0.6. Find
the probability that at the end of eleven steps he is one step away from the starting point.

Two cards are drawn from a pack of well shuffled 52 cards. Getting an ace or a spade is
considered a success. Find the probability distribution for the number of success.

In a game, a man wins a rupee for a six and looses a rupee for any other number when a fair
die is thrown. The man decided to throw a die thrice but to quit as and when he gets a six. Find
the expected value of the amount he win/looses.

Suppose that 10% of men and 5% of women have grey hair. A grey haired person is selected
at random. What is the probability of this person being male? Assume that there are 60% males
and 40% females?

A card from a pack of 52 cards is lost. From the remaining cards of the pack, two cards are
drawn. What is the probability that they both are diamonds?

Ten eggs are drawn successively with replacement from a lot containing 10% defective eggs.
Find the probability that there is at least are defective egg.

Find the variable of the number obtained on a throw of an unbiased die.

VERY SHORT ANSWER TYPE QUESTIONS

1
2.

3
8

4. 55
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11.

13.

15.

5 . 5
6 9
6 5 ) 1 . 1
FERRT] 8. (I)P—ﬁ,(")P=§
0.3678
X 0 1 2
p(X) 81/169 72/169 16/169
A1) s 3
216 4
1 9\
: ()
var (X) = ?—5

LONG ANSWER TYPE QUESTIONS (6 MARKS)

In a hurdle race, a player has to cross 8 hurdles. The probability that he will clear each hurdle

4
is 5 whats the probability that he will knock down fever than 2 hurdles.

Bag A contain 4 red and 2 black balls. Bag B contain 3 red and 3 black balls. One ball is
transferred from bag A to bag B and then a ball is drawn from bag B. The ball so drawn is found
to be red find teh probability that the transferred ball is black.

If a fair coin is tossed 10 times find the probability of getting.
(i) exactly six heads,
(i) at least six heads,
(iii) at most six heads.
A doctor is to visit a patient. From the past experience, it is known that the probabilities that he

3 1 1 2
will come by train, bus, scooter by other means of transport are resp. 13°5° 10 and 5 The

1 1 1
probabilities that he will be late are 2’3 and 12 if he comes by train, bus and scooter resp.
but if comes by other means of transport, then he will hot be late. When he arrives, he is late.
What is the probability that he comes by train?

A man is known to speak truth 3 out of 4 times the throws a die and reports that it is a six find
the probability that it is actually a six.
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10.

11.

12.

13.

14.

15.

An insurance company insured 2000 scooter drivers, 4000 car drivers and 6000 truck drivers. The
probability of an accidents are 0.01, 0.03 and 0.15 resp. one of the insured persons meets with
an accident. What is the probability that he is a scooter driver.

A card from a pack of 52 cards is lost. From the remaining cards of the pack, two cards are drawn
and are found to be hearts. Find the probability of missing card to be heart.

A box X contain 2 white and 3 red balls and a bag Y contain 4 white and 5 red balls. One ball
is drawn at random from one of the bag and is found to be red. Find the probability that it was
drawn from bag Y.

In answering a question on a multiple choice, a student either knows the answer or guesses.

3 1
Let 7 be the probability that he knows the answer and 7 he the probability that he guesses.

1
Assuming that a student who guesses at the answer will be incorrect with probability R What
is the probability that the student knows the answer, gives that he answered correctly.

Suppose a girl throws a die. If she gets 5 or 6, she tosses a coin three times and notes the
number of heads. If she gets 1, 2, 3 or 4 she tosses a coin once and notes whether a head
or tail is obtained. If she obtained exactly one head. What is the probability that she throws 1,
2, 3 or 4 with the die.

In a bolt factory machines A, B and C manufacture 60%, 30% and 10% of the total bolts
respectively, 2%, 5% and 10% of the bolts produced by them resp. are defective. A bolt is picked
up as random from the product and is found to be defective. What is the probability that it has
been manufactured by machine A.

Two urns A and B contain 6 black and 4 white and 4 black and 6 white balls respectively. Two
balls are drawn from one of the urns. If both the balls drawn are white, find the probability that
the balls are drawn from urn B.

Two cards are drawn from a well shuffled pack of 52 cards. Find the mean and variance for the
number of face cards obtained.

Write the probability distribution for the number of heads obtained when there coins are tossed
together. Also, find the mean and variance of the probability distribution.

Two groups are competing for the position on the Board of Directors of a corporations. The
probabilities that the first and the second groups will win are 0.6 and 0.4 respectively. Further
if the first group wins, the probability of introducing a new product is 0.7 and the corresponding
probability is 0.3 if the second group wins. Find the probability that the new product introduced
was by the second group.

LONG ANSWER TYPE QUESTIONS

12(4)7 , 3
5.5 Bk

. 105 .. 193 ... 93
W 512 W 512 W 4
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4 1 5 3
T2 8
6 - . 1
b2 " 50
g 25 o 12
" b2 13
8 12
10. 11 11. 37
5 8 . _ 1200
12. = 13. Mean = 13 Variance = 587
14.
3
X 0 1 2 3 Mean = 2
1 3 3 1 Vari
— - - - ariance = —
P 8 8 8 8
15. 2
9
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MODEL PAPER - |

MATHEMATICS

Time allowed : 3 hours Maximum marks : 100
General Instructions

All questions are compulsory.

2. The question paper consists of 29 questions divided into three sections A, B and C. Section A
comprises of 10 questions of one mark each, Section B comprises of 12 questions of four marks
each and Section C comprises of 7 questions of six marks each.

3. All questions in Section A are to be answered in one word, one sentence or as per the exact
requirement of the question.

4. There is no overall choice. However, internal choice has been provided in 4 questions of four
marks each and 2 questions of six marks each. You have to attempt only one of the alternatives
in all such questions.

5. Use of calculators is not permitted.

SECTION A

Question number 1 to 10 carry one mark each.

1. Find the value of x, if

Sx+y -y) (4 1
2y -x 3 ) (-3 3
2. Let * be a binary operation on N given by a * b = HCF (a, b), a, b € N. Write the value of 6
* 4.

V2

3. Evaluate : f !
0

—i —: ax

sec? (log x)
X

4. Evaluate : _[ ax

7
5. Write the principal value of cos™ (cos ?n)

6. Write the value of the determinant :
a-b b-c¢c c-a
b-c c-a a-»>b
c—-a a-b b-c
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7. Find the value of x from the following :

X 4
2 2x

A~ S A

8. Find the value of (7 x j) -k + (jxk) i+ (kxi). ]
9. Write the direction cosines of the line equally inclined to the three coordinate axes.

10. If p is aunitvector (x — p)(x + p) = 80, then find | x|.

SECTION B

Question numbers 11 to 22 carry 4 marks each.

11.  The length x of a rectangle is decreasing at the rate of 5 cm/minute and the width y is increasing
the rate of 4 cm/minute. When x = 8 cm and y = 6 cm, find the rate of change of (a) the perimeter
(b) the area of the rectangle.

OR
Find the intervals in which the function f given by f{x) = sin x + cos x, 0 < x < 2n is strictly

increasing or strictly decreasing.

d sin2(a+ y)
12. If sin y = x (a + y), prove that — = ————— =~

ax sina
OR
: . dy
If (cos x)Y = (sin y)%, find dx
13. Lef f: N — N be defined by
N+l % his odd
2 ki

f(x) = for all n € N.

n. .
Elf n is even

Find whether the function f is bijective.

ax

14. Evaluate : j .
\/5 —4x — 2x2

OR

.-
Evaluate : _[xsm X ax.
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15.

16.

17.

18.

19.

20.

21.

22.

1 5
S 2 (1—x2)dy 3xd—y— = 0.

If » show that -
N dx 2 dx

On a multiple choice examination with three possible answers (out of which only one is correct)
for each of the five questions, what is teh probability that a candidate would get four or more
correct answers just by guessing?

Using properties of determinants, prove the following :
1 1+p 1+p+gq
2 3+2p 1+3p+2q|=1.
3 6+3p 1+6p+ 3q

Solve the following differential equation :

v _ ., (z)
xdx—y xtanX.

Solve the following differential equation :

2 _dy _
cos de+y_tanx.

Find the shortest distance between the lines

r=1+0i2-2j+0+0Dk

r :2?—]'—I?+u(2f+]'+2f().

Prove the following :

ot J1 + sin x +x/1—smx} X e (O,Ej.
J1+sinx —+1-sinx 2 4
OR
Solve for x :

2 tan™! (cos x) = tan™! (2 cosec x)

The scalar product of the vector i+ ] + k with a unit vector along the sum of vectors

2i + 4]’ — 5k and M + 2]' + 3k is equal to one. Find the value of A.

SECTION C

Question number 23 to 29 carry 6 marks each.

23.

Find the equation of the plane determined by the points A (3, -1, 2), B (5, 2, 4) and C (-1, —
1, 6). Also find the distance of the point P(6, 5, 9) from the plane.
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24.

25.

26.

27.

28.

29.

Find the area of the region inclided between the parabol y2 = x and the line x + y = 2.

U
Evaluate : _[
0

X dx

a?cos?x + b2sin?x
Using matrices, solve the following system of equation :
X+y+2z=6
X+2z=7
3X+y+z=12
OR

Obtain the inverse of the following matrix using elementary operations :

Coloured balls are distributed in three bags as shown in the following table :

Colour of the Ball
Box Red White Black
| 1 2 3
] 2 4 1
1l 4 5 3

A bag is selected at random and then two balls are randomly drawn from the selected bag. They
happen to be black and red. What is teh probability that they came from bag 1?

A dealer wishes to purchase a number of fans and sewing machines. He has only Rs. 5760 to
invest ad has space for at most 20 items. A fan costs him Rs. 360 and a sewing machine Rs.
240. His expectation is that he can sell a fan at a profit of Rs. 22 and a sewing machine at a
profit of Rs. 18. Assuming that be can sell all the items that he can buy, how should he invest
his money in order to maximise the profit? Formulate this as a linear programming problem and
solve it graphically.

If the sum of the lengths of the hypotenuse and a side of a right-angled triangle is given show

T
that the area of the triangle is maximum when the angle between them is 3

OR

A tank with rectangular base and rectangular sides open at the top is to be constructed so that
i's depts is 2m and volume is 8m3. If building of tank cost Rs. 70 per sq meter for the base and
Rs. 45 sq meter for the sides. What is the cost of least expensive tank.
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MODEL PAPER - |

SOLUTION

SECTION A

We are given

Sx+y -y| |4 1
2y -x 3] |-5 3

S5x+ y=4and-y=1
y=—1andbx-1=4
or 5x =5
x=1

6 *4 =HCF of 6 and 4 = 2.

(OGN 142

J el
|

= sin”| (%) —-sin 0

T T
=303
secz(logx)

Let | = I—dx
X
Let log x =t
1
then —dx = dt
X
or dx = x dt
| = Jseczt dt
=tant+ ¢

=tan (log x) + ¢
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-1 m -1 5n
5. cos COSF = CO0S cos 211—F

a-b b-c¢c c-a a-b+b-c+c-a b-c c-a
6. b-¢c ¢c-a a-bl=b-c+c-a+a-b c-a a-»>b
c—-a a-b b-c c—-a+a-b+b-¢c a-b b-c

O b-c c-a
=|0 c—-a a-»>b
0 a-b b-c

=1+1+1

5
5

I+
—
I+
—
I+
—
~—

9. The d.c. of a line equally inclined to the coordinate axes are (

&l

10. (x = p).(x +p) =80
% ° 1o = 80

As p is a unit vector,

| =1

114 Xl — Maths



SECTION B

Let P be the perimeter and A be the area of the rectangle at any time t, then

P=2(x+y and A= xy

dx .

It is given that o -5 cm/minute
ay ,

and o - 4 cm/minute

(i) We have P=2(x+Y)

= ela )
=2 (-5 + 4) cm/minute
= — 2 cm/minute

(i) We have A= Xxy

aA _  dy o
a = Xt TV ar

=[8 x 4 + 6 (-5)] cm?¥minute ....(.. x =8 and y = 6 Given)
= (82 — 30) cm?/minute
= 2 cm?minute
OR
The given function is
fix) =sin x+ cos x, 0 < x<2n

f(x) = cos x — sin x

—@(%sinx - %cos x)

. T . T
—\/E (sm X COS Z — COs sin Z)
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()

For decreasing function,

F(x) <0

—\/Esin(x—z) <0

4
. i
or sm(x—zj>0
or O<x—g<n
or E<x<1t+—
4 4
or £<X<5_TC
4 4

Thus f{x) is a decreasing function in

{X'£<X<5—n}
"4 4

As sin x and cos x are well defined in (0, 2r).

. . . . L . n 5
f(x) = sin x + cos x is an increasing function in the complement of interval 14

, . T 5n
ie., in [O, Z} U [T 215}

We are given sin y = xsin (a + y)

siny
sin(a + y)

Differentiating w.r.t. y, we get

dx _sin(a+ y)cosy —sinycos(a+y)
dy

sin® (a + y)

B sin(a+y-y)

sin® (a + y)
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12.

13.

sina
sin®(a+ y)

dx ~ dx sin(a)

OR
We are given
(cos x)¥ = (sin y)*
Taking log of both sides, we get
y log cos x = x log sin y

Differentiating w.r.t. x, we get

. dy
Y Sosx (—sinx) + log cos x - o
d
or -y tanx + Iogcosxd—;/
dy
= o (logcos x — x cot y)

dy 1 sin2(a +Y)

dy
siny (cosy)d—x

xcotyj—};Jrlogsiny

logsiny + ytan x

dy _ logsiny + ytanx
dx logcos x — x coty

The function f is defined as

N"+1 4 nis odd
f(x) =
n if n is even
2’
Now let n = 1, f(1):%=1
2
and when n = 2 f(2)=§=1

.. fis not one-one function.

Hence, fis not bijective.

forallne N

+ logsiny - 1
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Let

—
Il

ax

V5 — 4x — 2x?

_LJ ax
\/5 /5 2
§—2x—x

adx

-]

——(2x+x2+1—1)

isin_1 (Mj +C
N7 7

OR

. -1
stm X dx

. -1
jsm X.X dx

sk X[ X
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15.

2 . -1
x " sin x 1 X | 2 1 . 4
= —+ -[— 1-Xx" +=sin x

2 2

2 . -1
X sin X X 2

)

1sin_1x+c
2

1 .1 1 .
=—F 4+ NV1-Xx +—-sin x-sin x+¢cC

2 4 4

2 . -
X Ssin X

1 . X 2
=—F+-8in x+-N1-Xx"+¢C

2 4 3

We have

2

y = sin  x
1-x?
= yV1 - x% =sin”" x

Differentiating w.r.t. x, we get

(—2x) N 1_X2d_y:

y ——— —
2V1 - x? 2

d
or —xy+(1—x2)d—§:1
Differentiating again,
d 2\d% d
—x—y—y+(1—x )9 Y LY (ox)=0
ax dX2 ax
2\ d? d
or (1—x)—}2/—3x—y— =0
ax ax

which is the required result.
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1 1 2
g,q_1—§_§,andn—5

16. Here p =
Let x denote the number of successes.
Probability of r successes is given by

PX=n="Cp q"", r=1,2,3

P(X=4o0r5) =PX=4) + P (X=5)

10 1 11

=243 " 243 ~ 243"

1 1+p 1+p+gq
17. Let A=12 3+2p 1+3p+2q
3 6+3p 1+6p+ 3q

Applying R, - R, — 2R,, we get

1 1+p 1+p+gq
A =10 1 -1+p
3 6+3p 1+6p+ 3q

Applying R; — R, — 3R,, we get

1 1+p 1+p+gq
A =10 1 -1+p
0 3 -2 + 3q

=1[(-2 + 3p) = 3 (-1 + p)]
=[-2 + 3p + 3 — 3p)]
=1

Hence the result.
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18. The given differential equation is

v _ (z)
=Yy xtanx

de
. % - -w(l) -0
Let %:zory_zx
Z—}; = z+x3—)z(

s From (), z+ xE =z-tanz

ax
or XE——tanz
ax
tan z X

or jcotzdz+fd7xzo

log sin z + log x = log ¢

or log (x sin 2) = log ¢
or X sin (l) =cC
X

which is the required solution.

19. The given differential equation is

2 _dy
COS X — + = tan x
ax y
dy 2 2
or o +sec” x. y =tanx, sec” x

It is a linear differential equation

. jsecz X dx tan x
Integrating factor = e =e
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20.

. Solution of the differential equation is

tan x tan x 2
y.e :_[e .tanxsec” xdx + ¢

Now, we find I, = Jetanx - tan x sec x dx
Let tan X = t, sec? x dx = dt
Iy = [te' ot
- te' —Jetdt
=t.e -¢é

= (t— 1)el = (tan x — 1) elan x
~. From (i), solution is
y.€eaX=(tan x — 1) "X+ ¢
or y = (tan x — 1) + cetanx

Equations of the two lines are :

T =0+Mi+ @]+ O+ Dk

or r (f+2]’+l?)+l(f—]’+l?)

and 7 = (21 -] —k)+p(2i+ 7]+ 2k)

- ~

Here "a, =i+2j+k and a, =2i-j-k

and b, =i-j+k and b, =2+ + 2k

a, - a;=(2-j-k)-(i+2]+k)
=i-38j-2k
ik
and byx by ={1 -1 1
2 1 2
= i(=3) - j(0) + k(3)

...(ii)
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_3i + 3k

by x by| = VO +9 =32

(a2 - &) - (b x by
b, x by

S.D. between the lines =

‘(; - 3] - 2k) - (-3i + 3/?)‘

32
_|8-¢dl
32
= i = iunits
32 2

21. Cot—1{«/1+ sinx + 11— smx}
J1+ sinx = V1 - sin x

\/(sini + Ccos £)2 + \/(cosi - sin ﬁjz

= cot ) (O )
(sin£+cosij2 —\/(cosi—sinﬁjz X e Uy
2 2 > >
_(Sini + Cos 5) + (cosi ~ sin ﬁ)
= cot 2 2 2 2
(sinicos 1) — (COSi — sin i)
X
2C0S —
— cot ™ f
23|nE
_1 i X
= oot ot (EH

N[ x

OR
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22.

The given equation is

2 tan™! (cos x) = tan™! (2 cosec x)

- 2cos x -
tan 1(—] = tan 1(2003ec X)

2
1-cos™ x

2 CoSs X

5 = 2 cosec x
sin” x

COS X = cosecC X . sin? x

COS X = sin x

r
4

Unit vector along the sum of vectors

We are given that dot product of is vector with the vector j + j + k = 1.

or

or

or

or

or

@ =2 +4j -5k and b = A+ 2] + 3k is

a+ b (2+M)i+6)-2k

@ + 5| Ji2r1)? 1624 (2)2

_(2+20)i+6)-2k
V12 + 4 + 44

(2+2) 6 2
-1+ —
A2+ 4+ 44 W2 ian+aa A2+ an+ 44
2+ A +6-2=vA% + 41+ 44
(M +6)%2 =A% + 4\ + 44

M+ 120 + 36 = A2 + 4\ + 44
8L =8
A=1

=1
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SECTION C

23.

24.

Equation of the plane through the point A (3, — 1, 2) is
ax-3)+by+1)+c(z-2-9)=0 (1)
As (i) Also passes through the points B(5, 2, 4) and C (- 1, — 1, 6), we have
ab-3)+bR2+1)+c+4-2)=0
and a(-1-3)+b(-1+1)+c(6-2)=0
or 2a+3b+2c=0 ...(ii)
and —4a+0b+4c=0 ..(iii)
- Solving (ii) and (iii), % = _8b_ 8~ %
a b c
or 2° 216 12
or g = % = % = k(says)
a=3k b=- 4k, and ¢ = 3k
From (i), equation of the required plane is
Bk(x—3)—4k(y+1)+3k(z—-2)=0
or 3x—-4y+3z-19=0

Distance of point P (6, 5, 9) from plane 3x — 4y + 3z—- 19 =0

_183x6-4x5+3x9-19
N9 +16 +9

18— 20 + 27 — 19|
Jaa

units

units

= i unit

J34
The given parabola is )2 = x (i)
It represents a parabola with vertex at O (0, 0)
The given line is
X+y=2

or X=2-y .. (i)
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Solving () and (ii), we get the point of intersection P (1, 1) and Q (4, — 2)
the required area = Area of the shaded region

1
- [le-y-y"la
2

1

( y? ysj
¥ -F 3,

et D)2 o

1 1 8 .
_(2—§—§+4+2—§)squmts

12-3-2+24+12-16 .
= 5 sqg units

2 .
= —-sq unit

—gs unit
_2 q

X dx

2 2 2 . 2
a cos " x+b sin” x

I_" (m — x)dx
or _J 2 2 2 . 2
p@ cos (m—x)+ b sin"(n— x)
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26.

or | = (t — x)dx

2 2 2 ., 2
a cos x+b " sin” x

o —3a

Adding () and (i), we get

' d
X
Zznj
2 2 2 . 2
op@ cos X +b sin” x

2
™/ ax
or 2|:n.2j
2 2 2 . 2
o @ cos X+ b sin” x

/2

2
or | = sec” x dx

0 a2 + b2 tan2 X
Let tan x = t then sec?x dx = dt

When x:O,t:OandWhenX—>g,l‘—>°°

0 @ + bt
T 7 at
b2£(2)2+t2
b

" 2ab

The given system of equations is

X+y+2z=6

....(ii)
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X+2z=7
3X+y=2z=12

Rewriting it in matrix from.

1 1 1]|[x 6
1 0 Of||ly|=1|7
3 1 1||z 12
or AX = B, where
1 1 1 X 6
A=|1 0 2|(,X=|ylandB =7
3 1 1 z 12
or X =A"B
1 1 1
Now Al=|1 0 2
3 1 1
=1(-2)-1(-=5+1(1)
=—-2+5+1
=4%0
A1 exists
Now cofactors of elements of Matrix A are :
A11=(_ 1)2 (-2)=-2, A12=(_ 1)3(_5)=5:
Ay =(-1)3(0) =0, Ay =) (-2 =-2,
A= (=1)* (2 = 2, Ay = (102 (1) =-1,
-2 0 2
adfA=| 5 -2 -1
1 2 -1
' -2 0 2
A_1:adJA:>A_1=l 5 o 1
[Al 4

From (i), X = A" B
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26.

1
y|=4]5 =2 1|7
z 1 2 -1]|12
1_—12+ 0+ 24
= 4| 30— 14- 12
6+ 14— 12
1_12 3
:Z 4 = 1
'8 2

x=8, y=1andz=2
OR

By using elementary row transformations, we can write

A=IA
3 0 -1 1 0 O
ie., 2 3 0|=|0 1 OA
0 4 1 0O 0 1
Applying R, = R, — R,, we get
1 -3 -1 1 -1 0
2 3 0|=|0 1 0|A
0o 4 1 0o 0 1
Applying R, — R, - 2R,, we get
1 -3 -1 1 -1 0
0 9 2|=|-2 3 0|A
0o 4 1 o 0 1
Applying R; — R, + R, we get
11 0 1 -1 0
0 9 2(=(-2 3 0]|A
0 4 1 0O 0 1
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Applying R, — R, — 2R,, we get

110 1 -1 1
01 0(=|-2 3 2|A
0 4 1 0O O 1
Applying R, — R,, we get
1 0 O 3 4 3
0O 1 0|=1]-2 3 -2]|A
0O 4 1 0O O 1
Applying R — R; — 4R,, we get
1 0 O 3 4 3
0O 1 0|=1]-2 3 -2]|A
0O 0 1 8 12 9
3 -4 3
Al = |2 3 -2
8 —-12 9

27. Let the events be

1 - Bag | is selected

, . Bag Il is selected

5 - Bag lll is selected

E, :
E,:
E,:
and A : A back and a red ball is drawn

P(AE,) = = 57

4x3 4x3 2
PARS) = S2c =766 ~ 1
Co
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28.

P(A/E 1) PE+)

P(E 1/A) =

1.1
3”5

P(A/E).P(E ) + P(AJE,) + P(A/E 3) PE 3)

1
372

Let us suppose that the dealer buys x fans and y sewing machines,

By the given condition,
X+ y<20
Cost of a fan = Rs 360
and cost of a sewing machine = Rs 240
By the given condition,
360x + 240y < 5760
Profit on one fan = Rs 22
and Profit on one sewing machine = Rs 18

Objective function is

Z =22x + 18y
Clearly x20,y20
Thus L.P. problem is to
maximise Z =22x + 18y
subject to constraints,
X+ y<20

2
X_

X

1 3465 _ 231
15~ 551 ~ 551

X

2

1

1
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29.

360x + 240y < 5760 or 3x + 2y < 48
x20,y=20
We now draw the graphs of

X+y=20and 3 x + 2y = 48

P(8,12)

The feasible region ODPB of the L.P.P. is the shaded region which has the corners O (0, 0),
D (16, 0), P (8, 12) and B 90, 20)

10

N

.

_.
o
o Yy

The values of the objective function Z at O, D, P and B are :

At O, Z=22x0+18x0=0

At D, Z=22x16 + 18 x 0 = 352

At P, Z=22x8+ 18 x12 = 392 — Maximum
and At B, Z=22x0+ 18 x 20 = 360

Thus Z is maximum at x = 8 and y = 12 and the maximum value of z = Rs 392.
Hence the dealer should purchase 8 fans and 12 sewing machines to obtain maximum profit.
Let ABC be a right angled triangle with base BC = x and hypotenuse AB = y
Such that
X + y = k where k is a constant

Let o be the angle between the base and the hypotenuse. Then area of the triangle

A=%BC><AC

132 Xl — Maths



R

2

x“ 2
Ar=y

— X2)

2

X 2 2
= 2 [te- 0% - x*]

Differentiating w.r.t. x we get

op OA _ 2k°x — 6kx”
ax 4

dA  k°x - 3kx®

or o - 4A

For maximum or minimum,

dA
of ax =0
k2x—3kx2
= =0
4
Lk
= -3

Differentiating (ii) w.r.t.x. we get

2 2 2
2(%) +2Ad A _ 2k~ — 12kx

ax dx 2 4

2 2 2 3
or A? =XT[k2—2kx]=—k X - 2k

4
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. DA _k
Putting, o 0 and x = 3 we get
d*A _ -k _ o
dx2 4A
. . k
A is maximum when X = 3

k k 2k
Now X_§: y_k_g_?
COSOL—£:>COSOL—ﬁ !
oy T 2k/3 T 2
o=r
"3
OR

Let the length of the tank be x metres and breadth by y metres
Depth of the tank = 2m

Volume =xx yx2=28

xy =4
_4
or y_X

Area of base = xy sqm
Area of 4 walls =2 [2x + 2y sgm =4 (X + ¥) sq m
Cost C (x,y) = 70 9xy) + 45 (4x + 4y)
or C(x,y)=70x4+180 (x + y)

C(x) = 280 + 180(x + %)

dC 4

For maximum or minimum ax 0

180(1—%} -0
X
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or

or

and

C is minimum at x

Least Cost

Rs [(280 + 180 ( 2 + 2)]
Rs [(280 + 720] = Rs 1000
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MODEL PAPER - I

MATHEMATICS

Time allowed : 3 hours Maximum marks : 100

General Instructions

All question are compulsory.

The question paper consists of 29 questions divided into three sections A, B and C. Section A
comprises of 10 questions of one mark each, Section B comprises of 12 questions of four marks
each and Section C comprises of 7 questions of six marks each.

All questions in Section A are to be answered in one word, one sentence or as per the exact
requirement of the question.

There is no overall choice. However, internal choice has been provided in 4 questions of four
marks each and 2 questions of six marks each. You have to attempt only one of the alternatives
in all such questions.

Use of calculators is not permitted.

SECTION A

Question number 1 to 10 carry one mark each.

1.

1

Evaluate : jm
[

Evaluate : | ———— dx.
£\/4x +1

If the bihary operaton * defined on @, is defined as a * b=2a + b — ab, for all a, b € Q, find
the value of 3 * 4.

i (Y72 9 (7 °) find the value of
« 3] | g find the value of y.

Find a unit vector in the direction of 2i — ] + 2k.

Find the direction cosines of the line passing through the following points :

(-2, 4, -5), (1, 2, 3)

2 3 -5 2 1 -
If A= [a,-j] =|1 4 9|and B = [b,-/-] =|-3 4 4/, then find a,, + b,,.
0o 7 -2 15 2
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8. If|a]=+3|b|=2and a- b =3, find the angle between a and b.

1 2
9. If A= (4 2}, then find the value of k if |2A] = k |A|.

. o 3n
10. Write the principal value of tan™ tanT .

SECTION B

Question number 11 to 22 carry 4 marks each.

J- cos x dx
(2 +sinx)(3 + 4sinx)

11. Evaluate :

OR

2 -1
Evaluate : J.x cos x dx.

12. Show that the relation R in the set of real numbers, defined as R = {(a, b) : a < b?} is neither
reflexive symmetric, nor transitive.

y) dy x+y
X2 - -1 L v _ArTy
13. If log (X + y?) = 2 tan (x » then show that X - x=y

OR

2

d
If x=a(cos t+ tsin{) and y = a (sin t — cos 1), then find d_}zl
X

14. Find the equation of the tangent to the curve y = V4x — 2 which is parallel to the line 4x —
2y + 5 =0.

OR
Using differentials, find the approximate value of f (2.01), where f(x) = 4x® + 5x° + 2.

15.  Prove the following :

tan ! (1] +tan” (E) = lcos - (Ej
4 9) 2 5)°
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16.

17.

18.

19.

20.

21.

22.

Solve the following for x :

-1 x2—1 i -1 2X _2rn
cos 5 + tan 5 =3
x +1 X -

Find the angle between the line X;1 = 3y9+ S = 3—_62 and the plane 10x + 2y —

11z = 3.
Solve the following differential equation :

B+ ydy—xydx=0

d
Find the particular solution of the differential equation d—i + ¥y cot x = cosec x, (x # 0), given

that y = 1 when x = g

Using properties of determinants, prove the following :

az+1 ab ac
ba b2+1 bc =1+512+b2+c2
ca cb 02+1

1 2
The probability that A hits a target is 3 and the probability that B hits it is 5 If each one of
A and B shoots at the target, what is the probability that
(i) the target is hit?

(i) exactly one of them hits the target?

d
Find d—i if y*+ x = ab, where a, b are constants.
If ?,F and ¢ are vectors suchthat a.b = a - ¢ and a x b = a x ?,? # 0
then prove that b = c.

SECTION C

Question number 23 to 29 carry 6 marks each.

23.

One kind of cake requires 200 g of flour and 25g of fat, and another kind of cake requires 100g
of flour and 50g of fat. Find the maximum number of cakes which can be made from 5 kg of
flour and 1 kg of fat assuming that there is no shortage of teh other ingredients used in making
the cakes. Formulate the above as a linear programming problem and solve graphically.
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24.

25.

26.

27.

28.

29.
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Using integration, find the area of the region :

{(x, ¥) : 9%° + y» < 36 and 3x + y > 6}

x+3 y-1 =z-5 x+1 y-2 =z-5
- = = = I . Al
3 3 5 and = 5 5 are coplanar. Also

find the equation of the plane containing the lines.

Show that the lines

Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of

2R
radius R is ﬁ Also find the maximum volume.

OR

Show that the total surface area of a closed cuboid with square base and given volume, is
minimum, when it is a cube.

Using matrices, solve the following system of linear equations :
3x -2y +3z=18
2x+y—z=1
4x -3y + 2z =4
x ax

(x -D(x2+1)

Evaluate : I

OR
4
Evaluate : [ [Ix — 1l +[x — 2| + [x - 4[] ox.
1

Two cards are drawn simultaneously (or successively without replacement) from a well shuffled
pack of 52 cards. Find the mean and variance of the number of red cards.
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